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Abstract—In this study, a general method for analyzing the
multilayer optical planar waveguides with photonic metamaterial is
presented. The propagation characteristics of TE waves guided by the
film with both the permittivity and permeability less than zero are
investigated theoretically. The formulae for the electric fields of TE
modes in this structure have been proposed. Typical numerical results
for dispersion characteristics are shown. The analytical and numerical
results show excellent agreement.

1. INTRODUCTION

In recent years, there has been a dramatic proliferation of
research concerned with the photonic metamaterial [1-10]. Some
applications of metamaterial have been studied. The simulations and
measurements of metamaterial, such as the self-collimation of light in
metamaterial [11,12], band-pass filters [13], and antennas [14-17], have
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been presented. The wave propagating in a double-negative (DNG)
medium that has simultaneous negative dielectric permittivity and
magnetic permeability have been excellently discussed in [18-21]. For
optical waveguides, the analyses of waves guided by thin films with
photonic metamaterial are special interest [22-25]. These papers have
dealt with the three-layer optical planar waveguide structures where
a DNG film was bounded by two DPS media, i.e., a medium having
positive dielectric permittivity and positive magnetic permeability.

In conventional materials, the multilayer optical planar waveg-
uides play an important role in guided-wave optics. A number of
potential application for such multilayer systems to all-optical signal
processing have been identified, e.g., logic gates, switching, wavelength
division multiplexer, etc. [26-28]. Studies of TE wave propagating on
the multilayer systems in linear/nonlinear have attracted a great deal
of interest in the past two decade [29-36]. Wu et al. developed accu-
rate calculations for multilayer systems with DPS materials, as multi-
layer planar waveguide with nonlinear cladding [37], multilayer planar
waveguide with nonlinear cladding and substrate [38], multilayer pla-
nar waveguide with a localized arbitrary nonlinear guiding film [39],
multilayer planar waveguide with all nonlinear guiding film [40], and
multilayer planar waveguide with all nonlinear layers [41]. The com-
plete set of modes of all possible solutions for the TE wave in the
three-layer planar waveguide with photonic metamaterial was analyzed
and disused [42]. Therefore, it may be reasonable to expect that the
presence of multilayer system with DNG guiding films with their more
exotic dispersion relations could lead to interesting optical properties.
In this work, we have proposed a general modal formalism for modeling
TE waves propagating in this metamaterial multilayer structure. The
transverse electric field distributions and dispersion relations in this
structure have been obtained. This result can be used to predict the
propagation characteristics in optical planar waveguide. In the future,
the novel phenomenon can be applied in the design of optical devices.
The analytical and numerical results show excellent agreement.

2. ANALYSIS

In this section, we have used the modal theory [43] to derive the general
formulae that can be used to analytically calculate the multilayer
optical planar waveguides with photonic metamaterial, as shown in
Fig. 1. The multilayer structure is composed of guiding film with
DNG materials (N + 1 layers), interaction layers with DPS materials
(N layers), cladding with DPS materials, and substrate with DPS
materials. The total number of layers is 2N + 3. The constants d;
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Figure 1. The structure of multilayer planar waveguides with

photonic metamaterial: (a) for N = even and (b) for N = odd.

and dy are the widths of the interaction layer and the guiding film,
respectively. The cladding and substrate layers are assumed to extend
to infinity in the 4z- and —z-directions, respectively. The major
significance of this assumption is that there are no reflections in the
z-direction to be concerned with, expect for those occurring at the
interfaces. For the simplicity, we have considered the transverse electric
plane waves propagating along the z-direction. The wave equation can
be reduced to

Vz@yj = Eji/;j82q)2yj7

c? Ot

with solutions of the form

Qyi(z, 2, t) = Ej(x) expli(wt — nekoz)],

j:i7f7c78 (1)

j:i7fﬂc75 (2)

The subscripts i, f, ¢, and s in Eq. (1) are used to denote the interaction
layer, guiding film, cladding, and substrate, respectively. For TE
waves, the electric field components ®,, and ®, are zero. It can also be
note that in Eq. (2), that the transverse electric field E(x) has no y- and
z-dependence because the planar layers are assumed to be infinite in
these directions, precluding the possibility of reflections and resultant
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standing waves. In Eq. (2), n. is the effective refractive index, w is
the angular frequency, and kg is the wave number in the free space.
By substituting Eq. (2) into the wave equation, the transverse electric
fields in each layer has the general form

E.(x) = Acexp (—kogex), in the cladding

Ef () = Af(m)cos [koQ (xr —xy (m))], in the guiding film

E; (x) = Ajm) cosh [kog; (v — x; (m))], in the interaction layer (3c

Es (x) = Asexp (kogsz), in the substrate 3d)
where subscripts m = 1,2,...N. The A., Af(m), A;(m), As, qc,
Q, i, g5, xf (m), and z; (m) are all constants. These constants can
be determined by matching the boundary conditions. For the linear
case, the constant A. is arbitrary. The amplitude parameters Ay (m),
A; (m), and A4 are proportional to A.. The detail derivations of these
constants Ay (m), A; (m), As, qe, Q, iy ¢s, ¢ (m) are shown in the

appendix.
The ¢; and @ can be expressed as

g =\/nZ —€jp;, J=1i.cs (4a)
Q= \/eppy — n? (4b)

For simplicity, we considered ¢; = ¢, = €5 and pu; = pe = s so that
4 = gc = qs = q. It can be noted that in Eqgs. (4a) and (4b) that
() and g; are given in terms of a single unknown, the effective index
ne. By matching the boundary conditions, we obtained the following
equations (appendix):

tan [koQrds] =

3a)
3b)
)

N~ T/~

fyieQq (1 + tanh W)
Q2 1 2¢?tanh W

fpteQq (1 + tanh @)
2Q2 Ty 2¢% tanh ®

where ¥ and ® can be expressed as

d N -1 N
= k‘oq[ ! +<>df+ —d; —xi(l)] , forn =even (6a)

(5a)

tan [kond |= (5b)

2 2
i N-1 N-1
q):koq[iqL( 5 >d+( 5 )df xz()},forn:odd (6b)

N -1 N 1
x; (1) = <2> dy + (2 - 1> d; — Hqtanh*1

pemflt LY Gpel) o




Progress In Electromagnetics Research, Vol. 110, 2010 167

The dispersion equations can be solved numerically. When the
constant n. is determined, the constants A., A¢ (m), A; (m), As, gc, Q,
s qs, v (m), and x; (m) are also determined (appendix). A diagram
indicating the computation step is shown in Fig. 2.

Use numerical method (Matlab) to solve Eq. (3)—Eq. (10)

Determine

Coxremne
Crmine
S
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Find the Q and ¢
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i
y
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i
i

End

=]

Figure 2. Diagram of the computation steps.
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3. NUMERICAL RESULTS

In this section, we used the analytical formulae derived in the preceding
section to calculate the transverse electric field function E(z). The
numerical examples are shown, as follows. When N = 0 and 1,
the general formulas can be simplified to two special cases, as three-
layer and five-layer planar waveguides, respectively. The numerical
results are shown in Figs. 3 and 4. The numerical data in three-layer
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Figure 3. The electric field distributions of a three-layer optical planar
waveguide (N = 0): (a) n. = 1.074, dy = 0.198 um; (b) n. = 1.074,
dy = 0.593 pm; (c) ne = 1.074, dy = 0.988 um; and (d) n. = 1.074,
dy = 1.383 pm.
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Figure 4. The electric field distributions of a five-layer optical planar
waveguide (N = 1): (a) ne = 1.558, dy = 0.8 um; (b) n. = 1.558,
dy = 2.23um; (c) ne = 1.558, df = 3.64pum; and (d) n. = 1.558,
df =6.6 pm.

structure have been calculated with the values: the wavelength in free
space A = 1.55um, €y = —e. = —¢&4, pf = —due = —dus. Fig. 3
shows some eigen-modes of a three-layer waveguide. In Fig. 3(a), the
electric field distribution is plotted with the parameters n, = 1.074,
df = 0.198 um. In Fig. 3(b), the electric field distribution is plotted
with the parameters n. = 1.074, dy = 0.593 um. In Fig. 3(c), the
electric field distribution is plotted with the parameters n, = 1.074,
dy = 0.988 um. In Fig. 3(d), the electric field distribution is plotted
with the parameters n, = 1.074, dy = 1.383 um. The numerical data in
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five-layer structure have been calculated with the values: d; = 3 um,
ep = —2.4649, . = €5 = g; = 24025, py = —pe = —ps = —;.
This structure can not support fundamental guided mode. As the
parameter d; increases, the modes will appear in surface modes and
guided modes. The guided modes and surface modes are depended on
a discrete eigenvalue of effective refractive index n.. The studies of
three-layer planar waveguides have been presented in [10-17,34]. In
this special case, the electric field and optical properties are the same
these literatures.

Here we show another special case of this general analytical
method. Fig. 4 shows some eigenmodes of a five-layer waveguide. In
Fig. 4(a), the electric field distribution is plotted with the parameters
ne = 1.558, dy = 0.8 um. In Fig. 4(b), the electric field distribution is
plotted with the parameters n, = 1.558, dy = 2.23 um. In Fig. 4(c), the
electric field distribution is plotted with the parameters n., = 1.558,
dy = 3.64um. In Fig. 4(d), the electric field distribution is plotted
with the parameters n, = 1.558, dy = 6.6 um. The guiding film
also supports the guided modes and surface modes. The power could
be carried by the guided mode and the surface mode in longitudinal
direction. The phase of leaky wave in interaction layers have depended
on the high-order guided modes.

4. CONCLUSION

In this paper, we have proposed a general method to analyze wave
propagation in the multilayer optical planar waveguide with photonic
metamaterial. The general method can also be degenerated into other
special cases for analyzing multilayer photonic metamaterial optical
waveguide. This method can be used to predict the propagation
characteristics in three-layers, five-layers, or more. The transverse
electric field distributions and dispersion relations have been obtained.
A thorough understanding of the wave equations and how they are
solved helps us understand the optical waveguides themselves. It is
useful to design all-optical devices with photonic metamaterial. For a
special case in this work, the general method can be degenerated into
the three-layer optical planar waveguide with DNG guiding film. The
results are entirely consistent with those reported in previous studies.
The five-layer optical planar waveguide with DNG guiding film has
been proposed. The present study enhances the previous studies’
findings by providing a much more detailed examination of wave
propagation in the media whose optical response is DNG metamaterial.
Rigorous analyses and numerical results show that our formulations are
correct.
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APPENDIX A. DETAILED DERIVATIONS OF THE
CONSTANT Af(m)7 Ai(m)7 As, mf(m), AND wl(m)

Part I: N = even
d Nd Nd; 1
v N1y = - Ndp N | 1 (“fq> (A1)

> 2 2 TR ™ \wg
V=) = =5 = [3 -0 ]ar- (5 ) a-g
tanh~! {’Z}gt n{kOQ Bf + [];[ —(p+ 1)} dy
+(];7—p>dl+xf(]\f—p+1)]}} (A2)
25(N = p) :—% _ [];[—(p—i—l)]df— [];]—(p—i- 1)}di+k()1Q
tan~! {ng tanh {koq [dzf + [];7 —(p+ 1)] dy
+3 -+ drnw-pl|}] (A3)

zf(N=p)= -5 ~ { ~(p+ 1)]df_ [N—(pﬂ) dit—

d N
tan~! {qu tanh {kzoq [f + [ - (p+ 1)] dy
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for F <p<N-1

o (4 + 245

Ay (1) = Ac :
r(1) cos{koQ |:df_|_Ndf+——«Tf(1)]} Y
PRl Gl e sl SR LU shet7U) ) R
T cosh{koq [Tf"i_(?_l)df—i_%_xi(l)}}
cosh{kog —%f_(%_(erQ))df
~(§—(+1) di—a(N—p—1]}
AN A8
7 (N=p) N=p-1 cos{k‘oQ [_%f_(%_(fﬂd))df |
—(5=(p+1) di—zs(N-p)]}
cos{koQ [—%f_ G-+ 1)d;s
N p— —
AN p) = Ay (Vg G Dl N}

COSh{k’OQ[izf_ (G —(p+1)dy
-& —(p+1)di—z; (N-p)]}

o) o) bl e

N B N cos{k:oQ[ f+xf(%+1)]}
i (2 * 1> =4 <2 " 1) cosh{koq { + (% + 1)}} (A1)

cosh{koq[{%—(*— (p+2) )df
+(& —(p+1))di+z:(N—p-1)]}

—_

AN — = Az N—p— A
s(N=p) (N=p-1) cos{koQ [%f'i- & —(p+2)dy e
+E = (p+1))di+zp (N—p)]}
cosikoQ{dgf+ [%_(p—i_l)}df
Ai(N—p) = As(N—p) +5 —(p+D]ditzp(N-p)}} (A13)

cosh{kOQ{%f + [% -+ 1)] dg
+[F -+ di+z:(N-p)}}
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COSh{k‘oq[ f—i—(N 1)df+ di+x;( }}
Ap(N+1)=A;(N) (A14)

cos{koQ [—f G-1)dp+5di+ay( N+1)]}
AS_Af<N+1)COS{kOQ[f—I—Ndf+ odi +xyf N—I—l}} (AL5)

exp [—koq (7’6 + 8ds+ %d)}

Part I : N = odd

di (N 1 N 1 1 1 Hrq
N+l)=——(=—2)di—(=+=)d tan ! Al
£ (N+1) = -2 <2 2) <2+2> g (ZQ> (A16)
d (N 1 N 1 1
(N—p) =2 (2 )a— (2 —p—)dj——
n(N=-p) == (2 P 2) (2 P z)f koq

1 N 1
tanh ™! {MSQtan {koQ |:di + < —-p- > d;
Hrq 2 2 2

+<];7_p—1)df+xl(1v p)}}} (A18)

<
. di 1 —1 /’LSQ N 3
I
NyDodo Lol L EL
I R A
d; N 1 N 1 1
$i(N—p)_—2—<2—P—2>di—<2—p—Q)df‘f‘kOq

tanh ™! {NSQtan {kon [—di — <N —p— 1> d;

2 2
Do) o
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d; N 3 N 1 1

N—p)= N =—p—=)di—=—-p—=]d —
of(N=p)=—5 (2 p 2) (2 p 2) 't %0
-1 ) Krq _@_ E_ _§ .
tan {MiQ tanh {koq { 5 < 5 p 5 d;

(Y]]

Ap(1)=A, ook [$ 45— i () i)} (A23)
cos{koQ {%—i—(%—%)di‘f'(%‘i_%)df_xf(l)]}
P i R o L SO
: cosh ko[ + (5 — 5ot (3 1)y (1)
cosh{ROQ{iﬁ_(% —p—3)d;
~§-p-3dy—m(N-p-1)]}
Ap(N—p)=Ai(N—p-1) 42
f p b cos{koQ —%_ (5 -p—3)di
~ (¥ —p-3)ds—xp(N-p)]}
cos{koQ [%_(%—p—g)dz
— & —p—Lydy—ap(N—p)]}
YA A26
(N=p)=4;(N=p) cosh{koq —%_(%_p_%)dz -
— (¥ —p-1)ds—ai(N—p)]}
for Bl <p< N -2
cosh {koq Ldj + (% b %) di
A (Vg —pt) FE TP DN
COS{kOQ[Q +(3—p—3)d
+(§—p—§)df+$f(N )]}
cos {VkoQ [% + (% —p- %) di
1
AN Ay () G P Db NP}

cosh{koq['—i-(ﬂ—p )d
+(3—p—3)ds+2 (N -p)]}
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f01f0§p§H

Af(N+1)=A4;(N)

2
cosh{koa % + (5 ) di+ (5 — ) dr+a,(V)}
cos {koQ[% +&-3)di+E—3)dr+ay (N+1)}}
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