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Abstract—This paper presents an exact analytical method for the
computation of the magnetic field distribution in surface-mounted
permanent-magnet (PM) motors for any pole and slot combinations
including fractional slot machines. The proposed model takes into
account the slotting effect and the armature reaction magnetic
field. The analytical method is based on the resolution of the two-
dimensional Laplace’s and Poisson’s equations in polar coordinates (by
the separation of variables technique) for each subdomain, i.e., magnet,
airgap and slots. Magnetic field distributions, back electromotive force
and electromagnetic torque (cogging torque and load torque) computed
with the proposed analytical method are verified with those obtained
from finite element analyses.

1. INTRODUCTION

An accurate determination of the magnetic field distribution in the
airgap of permanent magnets machines is necessary to evaluate
the machine performances such as electromagnetic torque or back
electromotive force (EMF). The presence of stator slots has a large
influence on the airgap magnetic field distribution and therefore on the
motor performances (noise and vibrations due to radial forces, magnet
eddy-current losses ... ).

The airgap magnetic field computation with slotting effects can be
evaluated by numerical methods like finite elements or by analytical

Received 12 August 2010, Accepted 7 September 2010, Scheduled 15 September 2010
Corresponding author: T. Lubin (thierry.lubin@green.uhp-nancy.fr).



294 Lubin, Mezani, and Rezzoug

methods. Analytical methods are useful tools for a first evaluation
of electrical motors performances and for design optimization. Two
analytical methods are mainly developed in the literature, the first
one uses conformal mapping [2-6] and the second one the subdomains
method by Fourier analysis [7-19]. Recent comprehensive reviews of
analytical methods can be founded in [11] and [18] and will not be
developed once again here.

Although several papers have been published on the computation
of the no-load airgap magnetic field in permanent magnet machines
with slotting effect, very few papers have been devoted to armature
reaction analysis [8,16]. In [8], the armature reaction field is calculated
from the product of the magnetic field due to the stator winding
when slotting is neglected by a relative permeance function of the
slotted airgap region. In this model, the winding current is replaced
by a current sheet located at the armature bore radius. In [16], an
improved model based on the exact analytical solution of armature
reaction magnetic field is developed. However, the interaction between
the magnetic field produced by permanent magnets and the armature
reaction magnetic field is not studied, so the computation of the
electromagnetic torque in the motor is not developed.

The authors propose here an exact analytical solution of the
magnetic field distribution in the airgap of a surface mounted PM
machine based on the subdomain method accounting for slotting effects
and armature reaction. Laplace’s and Poisson’s equations are solved in
each subdomain (airgap, magnet and slots) and the solution is obtained
using boundary and interface conditions. The proposed model is very
general and can be used for surface mounted PM machines with any
pole and slot number combinations including fractional slot machines
with distributed or concentrated windings.

The paper is organized as follows. The problem description and
the assumptions of the model are presented in Section 2. Section 3
describes the analytical method for magnetic field calculation in the
airgap, permanent magnets and in the slot subdomains. The back-
EMF and torque expressions are developed in Section 4. The analytical
results are then verified with the finite-element method in Section 5 for
two PM machines including a fractional slot machine under no-load and
load conditions.

2. PROBLEM DESCRIPTION AND ASSUMPTIONS

The geometric representation of the model is shown in Fig. 1. The
geometrical parameters are the inner radius of the rotor yoke Ry, the
radius of the PM surface Rs, the inner and outer radii of the slots R3
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and R4 respectively. The pole-arc to pole-pitch ratio of the PM rotor
is a and the number of pole pairs is p. The stator has @ slots with a
homogeneous current density distribution J; in each slot.

The slot opening angle is 3. The angular position of the ¢th stator

slot is defined as
9;
91-:—§+g with 1<i<Q (1)

The following assumptions are considered:

e The machine is assumed infinitely long so the end effects are
neglected.

e The current density has only one component along the z-axis.

e Stator and rotor iron cores are infinitely permeable.

e Radially magnetized magnets with a relative recoil permeability

pr = 1.

e The stator slots have radial sides.

As shown in Fig. 1, the whole domain is divided into three
subdomains: the rotor PMs subdomain (regions I), the airgap
subdomain (regions IT) and the @ stator slots subdomains (regions 7).
The ith slot subdomain shape is shown in Fig. 2. The subdomains I
and II have annular shapes.

Due to the presence of electrical current in the slots, a magnetic
vector potential formulation is used in 2D polar coordinates to describe
the problem. According to the adopted assumptions, the magnetic
vector potential has only one component along the z-direction and only
depends on the r and 6 coordinates. The magnetic vector potential in
the different subdomains is noted

Ar = Aj(r,0)e, for the rotor PMs subdomain
Arr = Ajr(r,0)e, for the airgap subdomain
A; = Ai(r,0)e,  for the ith slot subdomain.

3. ANALYTICAL MODEL

By using the separation of variables technique, we now consider the
solution of Poisson’s equations for the slots (with current density) and
PMs subdomains and Laplace’s equation in the airgap subdomain. For
the sake of clarity of the general solutions in the different subdomains,
we introduce the following functions of three dummy variables u, v and

Potuv) = (2)"+ (4) 2)
puti = (4~ (3" g
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Figure 1. Geometry of the studied surface-mounted PM motor with
the different subdomains (@ = 6 and p = 2).

Figure 2. ith slot subdomain with its boundary conditions.

3.1. Solution of Poisson’s Equation in the ith Slot
Subdomain (Region %)

The ith slot domain and the associated boundary conditions are shown
in Fig. 2. We have to solve Poisson’s equation in a domain of inner
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radius R3 and outer radius R4 delimited by the angles 6; and 6; +

0%A;  104; 104 Rz <r <Ry
o T ar T T el for {Gigegeﬁﬁ )

where J; is the current density in slot i.

The tangential component of the magnetic field at the sides and
at the bottom of the slot being null (iron with infinite permeability),
the boundary conditions for the ith slot are

=0 and =0 (5)
90 Jg—g 90 199,15
04;
=0 6
. (6)
The continuity condition between the ¢th slot and the airgap leads to
Ai(Rs3,0) = Ar1(R3,0) (7)

The general solution of (4) can be found by using the method of
the separation of variables. According to the superposition principle,
the general solution of (4) is the sum of the general solution of the
corresponding Laplace’s equation and a particular solution [1]. Taking
into account the boundary conditions (5) and (6), the solution can be
written as [17]

. 1 1
Ai(r0) = Ay gpodi (R — 1) +  RipoJin (3)
3

Y e (F0-0) @

where the function Py, /ﬁ(r, Ry) is defined by (2).

The constants A} and A}'g are determined by using a Fourier series
expansion of the airgap magnetic vector potential Ar; given by (15)
over the slot interval [0;, 0; + ] at r = R3.

. 0;+3

A= e/ Ap1(Rs,0)d6 (9)
0 9:+ﬁ 1

A;;:B 6/ Ar1(Rs, 0) cos <g(9—9i)) df (10)

The expressions of the coefficients A} and A¢ are given in the appendix.
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3.2. Solution of Laplace’s Equation in the AirGap
Subdomain (Region II)

The airgap subdomain and the associated boundary conditions are
shown in Fig. 3. The problem to solve is

82141[ 10A; 1 82A1[ Ry <r<Rs
o Ty or T2 e 0T Yo<o<or (1)

The continuity of the tangential component of the magnetic field at
r = Ry leads to

0Arr
or

The boundary condition at » = Rg is more difficult to handle because of
the existence of the slots as shown in Fig. 1. Considering the continuity
of the tangential magnetic field at the interface between the slots and
the airgap and considering that the tangential magnetic field is equal
to zero elsewhere (infinite permeability of the ferromagnetic pieces),
the boundary condition at » = R3 can be written as

0A[r B
o |p f(0) (13)

Y

- o (12)
=Ry or

r=Ry

(air-gap)
‘ Ady =0

Figure 3. Airgap subdomain (region IT) with its boundary conditions.
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with
Vo € [6;,0; + 5]

0A;
f(9)={ I lr=py (14)

0 elsewhere

where A;(r, 6) is the magnetic vector potential in the ith slot given by
(8).

With the boundary conditions (12) and (13), the general solution
of the magnetic vector potential in the airgap can be written as

S Ry P,(r,R3) Rs P,(r,Ry)
AU(T,H)_Z<AH 7(]%27 o) + B n B Ro) R2)>cos(n9)

n=1

1 Re Pu(r,Rs) B3 Pa(r,Ra) \ .
Z(C' 7R2,R3)+D 7En(R3,R2) sin (nf) (15)

where n is a positive integer, P, (r, R3) and E, (R, R3) are defined by
(2) and (3). The coefficients ALl BII CII and DI are determined

using Fourier series expansion of %

n and f(f) over the airgap
2

interval [0, 27]

ALl — 27r 8;1 cos(n#)dbf (16)
0 2
21

B :% / £(6) cos(nd)do (17)
0

I 0Ar| .

C, 27TO/ o 281n(n9)d9 (18)
21

Dl — % / F(6) sin(n6)do (19)
0

The expressions of the coefficients A/, BL! CII and D!! are given in
the appendix.

The radial and tangential flux densities in the airgap are deduced
from the magnetic vector potential by

10A,r 0Arr

By = -2 By = — 2
=50 110 (20)
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The radial and the tangential components of the magnetic flux in the
inner air-gap are then

> Ry P,(r,R3) R3 P,(r,Ry) \ .
Bye(r,0)= (A= Znio ) pIITS S nA e 0
111 (1 6) +nzl ( B Rs) 20 Bu(Ry, By) )

11 R2 Pa(r, R3) B3 Pp(r, Ro)
+Z (C R27R3)+D (R3,R2)) cos(né) (21)

( e En(r,Rs) Ry En(r, Rp) >Cos(n9)

Brrg(r,0)=+) — v En(Rs, Ra)
119(7,0) +Z E.(Rs,R3) " r En(Rs, R)

n=1

Ry E 7“ Rg) R3 En(r, Rg) .
o2 i 75) DH _ 0)(22
Z ( Bn(Boly) 00 Bl ) )0 (22)

3.3. Solution of Poisson’s Equation in the PMs Subdomain
(Region I)

The rotor PMs subdomain and the associated boundary conditions
are shown in Fig. 4. The problem to solve (derived from Maxwell’s
equations) is

or2 " r or 2 002 r 00 0<6<2r
where p is the permeability of the vacuum and M, is the radial
magnetization of the magnets. The boundary conditions at r = Ry
and r = Ry are respectively

(23)

oA _ (24)
or r=R;
Ar(Rg,0) = Arr(R2,0) (25)

The radial magnetization distribution M, is plotted in Fig. 5,
where B, is the remanence of the magnets and § is the position of the
rotor. The radial magnetization can be expressed in Fourier’s series
and replaced in (23).

Taking into account the boundary conditions (24) and (25), the
general solution of the magnetic vector potential in the PMs subdomain
can be written as

Ar(r,0) = Z <AIP(Z2,R];3) + X, (r) cos (n5)> cos (nf)

n=1

Z <01P};2123) + X, (r) sin (n5)> sin (nf)  (26)
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where

e T ol €y WALSRY AR

(B (B) s+ 00) (27)

n

| (PMs)
i Ad, =

pny 8Mr Ap =Ay

r 00

M,
>
- — ENI/}J'O -----
d-mt/p 5 S+m/p
@ @ )e
-B./o

Figure 5. Magnetization distribution along -direction (PMs rotor).
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and
w€1€r52)rcos (%(1—040 if n=jp with j=1,3...
fulr)= %rln(r) cos (%(1—@)) ifn=p=1 (28)

0 otherwise

where n is a positive integer and p is the number of pole-pairs of the
PMs rotor

It is important to note here that the magnetic vector potential
solution (26) contains some harmonic terms which are not multiple of
the pole pairs number p. This is due to the presence of the slots.

The coefficients AL, and C! are determined using a Fourier series
expansion of Ajr(Ra,6) over the interval [0, 27]

2T
2
Al=2 / Ay1(Ry, 0) cos(nf)do (29)
Y
0
27
cl = 23 / Arr(Ry,0) sin(nd)df (30)
Y
0

The expressions of the coefficients AZ and C! are given in the
appendix.

4. BACK-EMF AND TORQUE CALCULATION

4.1. Electromagnetic Torque Expression

The electromagnetic torque is obtained using the Maxwell stress tensor.
A circle of radius R, in the airgap subdomain is taken as the integration
path so the electromagnetic torque is expressed as follows

_ LR
Ho

2
T / Buiv(Re,0)Brro(Re, 6)d8 (31)
0

where L is the axial length of the motor. According to (21) and (22),
the analytical expression for the electromagnetic torque becomes
TLR? &
T, = - > (WnXp + Yo Zy) (32)

n=1
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where
R2 (Re R3) IIR3 Pn(Re R2)
W AII ) _plrts ;
" Re Ey(R2, R3) " Re En(R3, Ro)
_CIIR2 (R87R3) _ D[I&EH(R&RQ)
" Re En(R2, R3) " R En(R3, Ro) (33)
Y CJIRQ (R67R3) +D[[73PH(R87R2)
" R. E,(R2, R3) " R. E,(R3, R2)
_ B2 En(Be, Rs) 5y Bs En(Re, Ro)
" Re En(R2, R3) " R. E,(R3, Ro)

4.2. Back-EMF Expression

In order to compute the back-EMF of a 3-phase motor, we first
determine at a given rotor position ¢, the flux over each slot ¢ of cross
section Sg.. We have supposed that the current density is uniformly
distributed over the slot area, so the vector potential can be averaged
over the slot area to represent the coil

(R~? - Rj)
2

0 = / / Ai(r,0)rdrdf with Sy = (34)

slot

slot

where L is the machine axial length. The vector potential A;(r,0) is
given by (8). The development of (34) gives

BuoL (3,4 1oy, (Ra 1o
stlot 8R4 + 2R4 In R + R4R3 8R3 (35)

Under no-load condition (J; = 0), the flux over each slot becomes
i = LA, (36)

The phase flux vector is given by

@i = LAY+ J; ===

v,
< ib ) = nturn[C]( Y1 Y2 - Pi o PE-1 PQ )t (37)

where ngyryn is the number of turns in series per phase and [C] is a
connection matrix (of dimension 3 x @) that represents the stator
windings distribution in the slots. For example, Fig. 6 shows a three
phases windings distribution for a stator with 12 slots, a number of
pole-pairs p = 1 and a double-layer winding with a coil pitch equals to
5 slots.
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Figure 6. Double-layer windings distribution for a three phases
machine with 12 slots and p = 1.

The corresponding connection matrix (of the slots with respect to
the phases) is

21 0 0 0 -1 -2 -10 0 0 1
o0 0 1 2 1 0 0 0 —1 -2 —1] (38)
0 -1 -2 -10 0 0 1 2 1 0 0

The three-phase back-EMF vector is computed by

E, d v,
E, | =0—| v, (39)
( E. ) do ( v, )

where € is the rotating speed of the rotor.
Using (A11), (A12) and (A19) (see the appendix), an analytical
expression can be derived for the back-EMF as follow

[C] =

( P > = QLngurn [C] % (A5 (40)
P as

5. VERIFICATION OF THE ANALYTICAL RESULTS
USING FEM

5.1. Application Example 1: Integer Slot/pole Machine

The analytical method described above is applied to compute a three-
phase PM motor having an integer slot per pole and per phase ratio
i.e., 4 poles and 24 slots (¢ = 2). A double-layer winding with a coil
pitch equals to 5 slots is used. The connection matrix for 1 pole-pair
is the one given by (38). The geometrical parameters of the motor are
given in Table 1. The analytical solutions in the airgap, in the PMs
and in the slots domains have been computed with a finite number of
harmonic terms N and K as indicated in Table 1.

In order to validate the proposed analytical model, the analytical
results have been compared with 2D finite element simulations
obtained using FEMM software [20]. The finite-element solutions were
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Table 1. Parameters of the studied PMs Motor.

Symbol QUANTITY Value
Ry Inner radius of the rotor yoke 3cm
Rs Radius of the PMs rotor surface 4 cm
R3 Stator bore radius 4.2cm
Ry Outer radius of the slot 5.7 cm
L Axial length 10 cm
15} Slot opening 7.5°
« PMs pole-arc to pole-pitch ratio 0.85
B, Remanence of the permanent magnets 1.27T
P Pole-pairs PMs rotor 2
Q Number of stator slots 24

Jrms RMS current density 5 A /mm?
N Number of harmonics used for magnetic field 50
calculation in the airgap and PMs domains
K Number of harmonics used for magnetic field 50

calculation in the slot domain

obtained by imposing the natural Neumann boundary condition at the
surface of the stator and rotor iron cores. The mesh in the different
subdomains has been refined until convergent results are obtained.

5.1.1. Results under No-load Conditions (Jyms = 0)

Figure 7 presents the radial and tangential flux density distribution
along a circle in the middle of the airgap. A good accordance is
seen between the finite element method (FEM) and the analytical
computations. The effects of the stator slotting can be clearly observed
from this figure.

The back-EMF waveform for ny,,, = 1 is presented in Fig. 8. The
computation is done for a rotating speed €2 = 1500 rpm. The maximum
value of the back-EMF' is around 9 V. The analytical and numerical
predictions are close to less than 1%. An important characteristic of a
PM motor is the cogging torque. For a slot opening corresponding to
half a tooth pitch, viz. g = 7.5°, the obtained cogging torque is shown
in Fig. 9. The cogging torque waveform obtained from FEM is very
similar to the one issued from the analytical calculation.
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Figure 7. Radial (a) and tangential (b) flux density distribution at
no load in the middle of the airgap (Q = 24 slots).
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Figure 8. Per turn phase back-EMF (Q = 24 slots).

To show the influence of the slot opening on the cogging torque, we
have plotted in Fig. 10 the cogging torque waveforms for several values
of the slot opening (3. As expected, the cogging torque decreases for
lower values of (3.

5.1.2. Results under Load Conditions (Jms = 5A/mm?)

For a RMS current density Jy,s = 5A/mm? in the slots, Fig. 11
presents the radial and tangential flux density distribution along a
circle in the middle of the airgap. Compared to the no-load results of
Fig. 7, one can see the influence of the armature reaction on both the
radial and the tangential flux densities.
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Figure 11. Radial (a) and tangential (b) flux density distribution in
the middle of the airgap under load conditions (J,ms = 5 A/mm?) and
(Q = 24 slots).

The static torque is presented in Fig. 12. Compared to the FE
simulations, one can see that the analytical model well tracks the
torque ripples which are mainly due to the cogging torque. It can
be seen that the cogging torque (Fig. 9) represents almost 3% of the
stall torque of the motor. It is worthy to notice that these ripples will
be less important if a slot isthmus is present as usually done in low to
medium power machines.

5.2. Application Example 2: Fractional Slot/pole Machine

Another example is considered in this section for a fractional slot
machine (¢ = 1.25). The same geometrical parameters as in Table 1
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Figure 12. Static torque versus rotor position (Jms = 5 A/mm?) and
(Q=24 slots).
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Figure 13. Radial (a) and tangential (b) flux density distribution at
no load in the middle of the airgap (Q = 15 slots).

are used except for the number of slots and the slot opening which are
now (Q = 15 and 8 = 12°. This fractional slot machine has a double-
layer winding with a coil pitch equals to 3 slots. The corresponding
connection matrix is

21 0 -1-200 1 1 00-1-120 0
C]=|0-1 -1 0 021 0 —-1-200 1 1 0 |(41)
00 1 1 00-1-10 021 0 —1 -2

5.2.1. Results under No-load Conditions (Jyms = 0)

Figure 13 shows the flux density distribution (radial and tangential
components) along a circle in the middle of the airgap. As expected,
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the flux density waveforms are not p-periodic for this fractional slot
machine.

The back-emf waveform (with ng,, = 1) is presented in Fig. 14.
The computation is done for a rotating speed Q = 1500rpm.
Compared to the machine with Q = 24, the maximum value of the
emf is around 5V in this case instead of 9V in Fig. 8. This difference
is due to the coil pitch which is equal to 3 slots for the 15-slot machine
and 5 slots for the 24-slot machine.

The cogging torque is given in Fig. 15. As it can be seen, its
maximum value is much lower than the one given for the 24-slot
machine (Fig. 9). Indeed, this is typical for fractional slot machines
for which the cogging torque has a high harmonic order (its period is
360°/LCM(Q,2p) = 6°, where LCM is the lowest common multiple).
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Figure 14. Per turn phase back- Figure 15. Cogging torque for
EMF. 8 =12°.
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| | Analytical
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Figure 16. Static torque versus rotor position (Jym,s = 5 A/mm?) and
(Q = 15 slots).
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5.2.2. Results under Load Conditions (Jyms = 5A/mm?)

For a RMS current density Jyms = 5A/mm2, the static torque is
presented in Fig. 16. It can be seen that the torque is ripple free.
The maximum torque is comparable to the one obtained for the 24-
slot machine (Fig. 12). Once again, the analytical and FE results are
in close agreement.

6. CONCLUSION

In this paper, a new analytical method for computing the airgap field
distribution in PMs motors considering slotting effects and armature
reaction field has been presented. Laplace’s and Poisson’s equations
in polar coordinates have been solved by the technique of separation
of variables in the different subdomains. The proposed model can
be used for any pole and slot combinations including fractional slot
winding machines as shown in the paper. Flux density distribution,
back-EMF and torque computations for no-load and load conditions
are in close agreement with those issued from finite element predictions.
Compared to numerical approaches like FEM, the proposed analytical
model is less computational time consuming. Hence, it may be used as
a tool for the first stage of the design and optimization of PM motors.
With this approach, sensitivity analyses and the impact of the different
parameters on the machine design can be evaluated rapidly (under
magnetically linear conditions).

APPENDIX A.
For the determination of the integration coefficients, we have to
calculate integrals of the form

0;+0

. km
flk,n,i) = cos(nb) cos 7(0 —6;) | do (A1)

0;
i+
g(k,n,i) = / sin(nf) cos<

0;

>

km

50 el-)) df (A2)
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0,4

r(n,i) = / cos(nb)db (A3)
0;
0:+0

s(n,i) = /sin(n@)d@ (A4)
0;

The development of (Al) and (A2) gives the following functions
that will be used in the expressions of the Fourier coefficients

— for km #np
~ —nBF ((=1)Fsinn(B + 6;) — sin(nb;)
f(kyn, i) = ( (Rl ) (A5)
0B ((=1)*cosn(B + 6;) — cos(nb;)
g(k,n,i) = ( [ ) (A6)
— for km =npg
f(k,n, i) = g <cos(n0i) + ﬁ (sinn(6; +203) — sin(n&ﬂ)) (A7)
g(k,n,i) = g (sm(n@z) 2]1 (cosn(0; + 23) — cos(nb; ))) (A8)
The development of (A3) and (A4) gives the following functions
r(n,i) = % (sin(nb; + nB) — sin(nb;)) (A9)
s(n, i) = % (= cos(nf; +nf3) + cos(nf;)) (A10)

e Expressions of the coefficients AL, B CIl and DI for the
airgap subdomain. The development of (16) and (18) gives

En(Re, R1)

A=Al L4 X (Ry) cos (nd All
"Ry P (1;527 1) n( 2) ( ) ( )

E,(R2, Ry) .
Cll = ¢l 2222 T 4 X (Ry) sin (nd A12
"Ry P, <R2’R1) n( 2) ( ) ( )
where § is the position of the PM rotor and X, (Rz) = dXCZn(r) o
r=Ro>

Xy (r) is given by (27).
The coefficient BX! and C! defined in (17) and (19) can be written
as
0;+p8

2 0A;
S o
2m — / or |,._p

cos(n#)do (A13)

i
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0;+5

Q
2 0A;
II 7
Dy, Y Zl or
i=1 g

sin(n#)dé (A14)
r=R3

where @ is the number of stator slots. The development of (A13) and
(A14) gives

Q

/,LOJ R .

B}l = E on <R§ R3> r(n, 1)
=1

Q iAi k Eir/p(Rs, Ry)

+ f(k,n,q) (A15)
£~ £ ¥ 3Ry Prry3(Rs, Ra)
Q
J; (R2
Dl — Ho iy -
P St (Y s

Q o
.k Epr/p(R3, Ra) .
+ Aj, k,n, Al6
ZZ *BRs Pkﬂ/ﬁ(R?nRél) 5k m,9) (A16)

e Expressions of the coefficients AL and CI, for the PMs
subdomain (29) and (30)

Ry P, (R2, R3) Rs 2
A{L = A,QI—Q ’ + BH _ Al7
n E (RQ,Rg) (Rg,Rg) ( )

Ry Py (Ra, R3) Rs 2
cf = ,{f el pHE A18
(B, Bs) 0" n En(Re Ry Y

e Expression of the coefficients A} and A}; for the ith slot
subdomain.

The treatment of (9) and (10) yields to the following linear
relations

X R 2 R3 P,(Rs3, R2) ,
Al — AII 2 B 1714 )
0 Z < " nB En(R2, R3) * nfB En(Rs, Ro) r(m )

n=1

> R 2 R3 P,(Rs, Ry)
17112 II 3 3, 412
— _+Df (A1
+Z(C 05 BaR s) 2% 3 BB, R 2)> mi) (AL9)

= 2 2 2
A=Y (A” T2 p2is b ER?”R? fk,n,9)

)
nB En(R2, R3) nB E RS,R2)>

- )
)

2R, 2 2R3 P,(R3,R
CII DII
Z( w3 Bn(RoR3) " nB En(Rs, Ro

n=1

g(k,n,i) (A20)
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We have to solve a system of linear Equations (A1l) to (A20) with
the same number of unknowns. By rewriting the above equations in
matrix and vectors form, a numerical solution can be found by using
mathematical software (Matlab).
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