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Abstract—In this paper, the high frequency electromagnetic field
expressions for two dimensional Cassegrain system embedded in a
chiral medium are presented. Due to failure of Geometrical Optics
(GO) at the caustic region, Maslov’s method is used to find the field
expressions. Two different cases have been analyzed. Firstly, the
chirality parameter (kf3) is adjusted to support positive phase velocity
(PPV) for both left circularly polarized (LCP) and right circularly
polarized (RCP) modes traveling in the medium. Secondly, k3 is
adjusted such that one mode travels with PPV, and the other mode
travels with negative phase velocity (NPV). The results for both cases
are presented in the paper.

1. INTRODUCTION

Chirality means handedness, and a handed object is called chiral.
Therefore, chiral objects are either left or right handed. Interaction
between electromagnetic wave and chiral objects results in the rotation
of the wave polarization to the right or left depending on the
handedness of the object. If these handed objects are uniformly
distributed and randomly oriented and form a macroscopically
homogeneous medium then such a composite is called a chiral
medium [1]. A chiral medium supports both LCP and RCP modes.
Depending upon the value of chirality parameter the medium may
supports NPV propagation for both modes, or NPV for one mode
and PPV for the other mode [2]. Different reflectors are placed
in chiral medium due to its unique characteristics over an ordinary
medium like polarization control, impedance matching and cross
coupling of electric and magnetic fields. By changing the chiral media
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parameters €, p and k3 the desirable values of the wave impedance
and propagation constants can be achieved by which reflections can be
adjusted (decreased or increased). In this respect, the chiral medium
can be controlled by variations of three parameters €, u, k3, whereas
an achiral medium has only two variable parameters, €, ;. Moreover,
in the case of negative reflection caused by NPV, it also gives the
advantage of invisibility. Due to these characteristics of chiral medium,
we have embedded the Cassegrain system in chiral medium in this
problem. Depending upon the values of chirality parameter two cases
are considered. In the first case, chiral medium supports PPV for
both the LCP and RCP modes. In the second case, chiral medium
supporting PPV for one mode and NPV for the other mode is taken
into account. Maslov’s method is used to study the fields in the focal
region, which combines the simplicity of asymptotic ray theory and
the generality of the Fourier transform method. This is achieved by
representing the GO fields in hybrid coordinates consisting of space
coordinates and wave vector coordinates by representing the field in
terms of six coordinates [4]. Analysis of focusing systems has been
worked out by various authors using Maslov’s method [5-9].

2. REFLECTION OF PLANE WAVE FROM PERFECT
ELECTRIC CONDUCTOR (PEC) PLACED IN CHIRAL
MEDIUM

Reflection of plane waves from simple PEC plane placed in chiral
medium is discussed in [10]. We recapitulate it here to introduce
our notations and present it in a form suitable for our present work.
Consider reflection of RCP wave from PEC plane lying along zy-
plane as shown in Figure 1. An RCP wave traveling with phase
velocity w/kny and unit amplitude is incident on the plane making
angle o with z-axis. Reflected wave is composed of two waves with
opposite handedness. An LCP wave is reflected making an angle
a1 = [sin™!(ny/ny sin )] and with amplitude 2 cos a/(cos o + cos oy ).
The phase velocity of LCP wave is w/kni. An RCP wave is reflected

(& u.8)

Figure 1. Reflection of RCP wave from PEC plane.
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making angle o and amplitude (cosa — cos ay)/(cos o + cos o). If we
take kB < 1, then ny > n9 and a; < «, i.e., LCP wave bends towards
normal, because it is traveling slower than RCP wave. For k3 > 1,
«q is negative, and the wave is reflected in the wrong way. It may
be called negative reflection (shown as gray in Figure 1). This means
that for k8 > 1, LCP reflected wave sees the chiral medium as NPV
medium.

Similarly, when an LCP wave with unit amplitude is incident on
PEC plane making angle  with z-axis, as shown in Figure 2, we get two
reflected waves of opposite handedness. An RCP wave is reflected at
angle ap = [sin~!(n1/ng sin a)] with amplitude 2 cos a/(cos a + cos o)
and an LCP wave at angle o and amplitude (cos« — cos ag)/(cos o +
cos ag). If we take k5 < 1, then n; > ng and ag > . If k3 = 0 then
only normal reflection takes place, and if k3 increases the difference
between the angle « and a1, a increases. For kG > 1, we have negative
reflection for RCP reflected wave (shown as gray in Figure 2 [11]).

Z 3
(£ x 8]

-
RCP RCP

Figure 2. Reflection of LCP wave from PEC plane.

3. GEOMETRICAL OPTICS FIELDS OF TWO
DIMENSIONAL CASSEGRAIN SYSTEM PLACED IN
CHIRAL MEDIUM

Cassegrain system consists of two reflectors. One is parabolic main
reflector, and the other is hyperbolic subreflector as shown in Figure 3.
We will consider the receiving characteristics of this system. Both
RCP and LCP waves are incident on main parabolic reflector, and it
will cause four reflected waves designated as LL, RR, LR and RL [11].
These four waves are then incident on the secondary hyperbolic
subreflector and will cause eight reflected waves designated as LLL,
RRR, LLR, RRL, RLR, RLL, LRR and LRL. Only four of these
waves (LLL, RRR, LLR, RRL) will converge in the focal region while
the other four waves (RLR, RLL, LRR, LRL) will diverge. In this
paper, we are considering only four converging rays after reflection
from hyperbolic subreflector as shown in Figure 4.
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Figure 4. Cassegrain system in chiral medium.
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Figure 5. Cassegrain system in chiral medium, k3 > 1.
For k8 > 1, m1 = =55 < 0 and ng = 7755 > 0, so LCP wave

travels with NPV and RCP wave with PPV. For k3 < —1 RCP wave
travels with NPV and LCP wave with PPV. We have depicted here
the case of kG > 1 only because for k5 < —1, we can get the solutions
from kS > 1 by interchanging the role of LCP and RCP modes [12].
Cassegrain system for k3 > 1 is shown in Figure 5. LLL and RRR
rays are reflected at the same angle while RRL and LLR rays have
different responses. It can be seen that only two rays (LLL and RRR)
are contributing to the focus, while RRL and LLR rays are divergent.
Equations for parabolic and hyperbolic reflectors of Cassegrain system
are given by

52 52 1/2
zﬁ—f—l—c, CZ:a[l—i_bﬂ , A=ad?+ (1)
where (£1,¢1) and (&2, (2) are the Cartesian coordinates of the points
on the parabolic and hyperbolic reflectors, respectively. Incident waves
on main parabolic reflector having unit amplitude are given by

G

QL = exp(jkni1z), Qg = exp(jknaz) (2)

Consider the case of normal incidence such that these waves are
incident at an angle a with surface normal N7 as shown in Figure 3 to
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Figure 5. The reflected wave vectors of LL, RR, RL and LR waves are
given by [11]. We will take two, RR and LL, waves that will incident
on hyperbolic subreflector and converge as well after reflection. The
wave vectors of these (LLL, RRR, RRL and LLR) reflected waves by
the hyperbolic subreflector are given as.

—_—

Prrr = —nisin(2a — 24)i; — ny cos(2a — 21)i,
Prrr = —ngsin(2a — 2@[})13; — ng cos(2a — 21/))
(

—

—_—

Prrr, = —nysin(y; —

— o ~
Prrr = —ngsin(ys — ¥)i; — ng cos(y2 — ¥)i,

¢)im — nq cos(m

Corresponding initial amplitudes for these four reflected rays are

AOLLL =

AoRRR =

AoRRL =

AorLr =

[cosa — cosag ]

| COS &x +- COS 2 |
[cosa — cosaq |

| COS & + Ccos (v |

[cosa —cosaq | [

| COS v + COS (v |

[cosav —cosan] [

| COS &x +- COS 2 |

And the corresponding initial phases are

where

—
Ny =

.
Ny =— sin )i, +cos ¥i,, sinthp=

Sorrr = —n1G1 = ny
SorrR = —n2(1 = na
SorrL = —n2(1 = na
SorLr = —n1C1 = n1 _Qf

—sin at,+cosai,, sina=

1

&1
\/RlR b

n n
ylzsin_1<2 sin'y> , 'ygzsin_l(l sinq) , Y=
ni n2

(2a—v)

(3a)
(3b)
— )iz (3¢)
(3d)
[cosy — cosys | (4a)
| COS7Y + COS Y2 |
[cosy — cos | (4D)
| COS 7y + cOS 1 |
5 -
COS 7Y (4¢)
| COS7Y + COs Y1 |
2 cosy (4d)
| COSY + COS Y2 |
cos 2«
—_— — 5
1+ cos2a (52)
cos 2a 1
_— — 5b
1+ cos2a (5b)
cos 2a 1
—_— — )
1+ cos2a (5¢)
cos 2« 1
—_— — d
1+ cos 2c (5d)
2
= 7‘78 (6a)
VT HAf?
%, cost=—— ¢y (6b)
2, - R1R2 a 2

(6¢)
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In the above equations R; and Ro are the distances from the point

,C2) to the focal points z

(g2

—c and z = ¢, respectively with

c? = a® + b?. The Cartesian coordinates of the rays reflected by the

hyperbolic subreflector are given by.

rrrr =& + Perrrt, TRRR = §2 + PrrRRt (7a)
rrrL = &2 + PiRrRLt, rrr = & + Porigpt (7b)
zprr = G + Porrrt, 2RRR = G2 + P.RrRRt (7c)
2RRL = G2 + P.RrRLt, 2LLR = G2 + P.rLRt (7d)

Where
t1=V(e-&)*+ (G-

t= V-6 + (- )

(8)

The Jacobian transformation of reflected rays can be found using

[J(t) = %—((to)}, where D(t) for all four rays is given in Appendix A.
nlt
J =1 - - 9
LLL R (9a)
nat
J =1—-—= 9b
RRR R (9b)
nytcosy noRy cosy—a ( n2 —n2sin® y+ny cosv)
JrrRL =1-7 (9¢)
2008M Riy/n3 —n3 sin? v
ngt cosy ni Ry cosy—a ( n3—n?sin® y+n; cos*y)
200872 R, ng — n% sin? ~
The GO field for each 1_"ay can now be written as ]
U(r)rer = Aoprn(€)[Jrpr) exp[—jk(Sorpr+nit+nity)] (10a

U(r)rer = Aorrr(€)[Jrre] ™ "/? exp[—jk(Sorrr +n3t+nity)] (10

U(r)ror = Aorer(€)[Jrrr]) " exp|—jk(Sorrr-+n3t+naty)] (10d
where Ap(€) and Sp(€) are the initial phases and amplitudes. Their

expressions are given in Egs. (4a)—(5d). The phase functions are given
by

(10a)

U(r)rrr = Aorrr(§) [JRRR]_1/2 exp [—jk(SORRR+n%t+n2t1)] (10b)
(10c)

)

Stz = Sorrr +nit1 +nit — 2(x, Porpn)Porrrn + 2Parrr (11a)
Srrr = SorrR + nat1 + n3t — 2(x, P.rrr) P:rrr + 2Psrrr  (11D)
Srrr = Sorrr +mit1 +nit — 2(z, P.rrr) Perrr + 2P.rrr - (11c)
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Srir = Sorrr + nat1 +n3t — 2(x, P.rrr)Porrr + 2Porr - (11d)

In these phase functions Sy and t; are given above. While the extra

terms are given by
Sexrrr = nit — 2(x, Poprn)Porpr + 2Parir
=nit — (G + Porrrt)Porrr + 2Parrr

= (Perrr)’t+(2 — Q@) Porrr = (2 — &) Poprr+(2 — Q) Porir
= —ny [zsin(2a — 2¢) + z cos(2a — 2¢))]

+ nq [§2sin(2a — 2¢0) + (2 cos(2a — 29)] (12a)
Similarly
SezRRR = —n2 [T sin(2a — 2¢) + z cos(2a — 29))]
+ ng [€2sin(2a — 2¢)) + (2 cos(2ae — 29)))] (13a)
SexrrL = —n1 [zsin(y1 — ¥) + z cos(y — V)]
+n1 [§2sin(y1 — ) + G cos(y1 — )] (13b)
SexrLr = —nz [wsin(y2 — ) + z cos(v2 — ¥)]
+ ng [S2sin(y2 — ¥) + G2 cos(y2 — )] (13c)

Since GO becomes infinite at caustic region, we found approximate field
at the caustic by Maslov’s method. To calculate the field at caustic
region we need expression [J (t)%} for all four rays, reflected form

hyperbolic subreflector, which are found below (see Appendix B).

8P2LLL' ni sin2(2a - 21@)
J(t = 14
{ ()rrr—p" ) (14a)
8PZRRR- ng Sin2(2a — 2¢)
J(t = 14b
IO = (140)
OoP, 1 n? sin cos?
[ IO nn aRRL _ | ndsin®(n1 — ) cos®y
o cos Y1 n% — n% sin? y
nabRy —a\/(RlRQ) (n? —n3 sin?y) —ngab y
x bR1 Ro (14c)
oP, n3 sin — 1)) cos?
|:J(t)LLR 8LLR] =2 (72 ¥) i
o COS Y2 n% - n% sin? y
n1bRy —a\/(Rle) (n3—n? sin?y)—nyab
X (14d)

bR1R»
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After substituting all the required parameters and simplifying them we
will get the following final expressions at caustic region.

Ur)ror = \/; [/ / ] Aorrr(§)VR1

x exp[—jk{Sorrr + nit1 + Sezrrr}]d(2a) (15a)
=
U(r)rrr =\ 5:— / / AORRR(@\/E
JT 1J A, A |
x exp[—jk{Sorrr + n2t1 + Sezrrr}]d(20) (15Db)

k[ 1
U(r)rrr = 5 /A /A Aorrr(§) —
L 1 4

ny — nssin” vy

—1/2
R1Rsbngy cos vy
X
abny + a\/(Rle)(n1 —n2sin?v) — bna Ry
X exp[—jk{SORRL + nity + Searrr}d(2a) (15¢)
1
U(r)LLr = \l 277 [/ / ] Aorrr(&
a n3 —n? sin? y
—~1/2
R1Robny cosys
X
abny + CL\/(Rle)(n2 —n?sin?y) — bn1 Ry
x exp[—jk{SoLLr + n2t1 + Sexrrr}]d(200) (15d)

Egs. (15a)—(15d) are found by performing the integration numerically.

4. RESULTS AND DISCUSSIONS

Field pattern around the caustic of a Cassegrain system are determined
using Egs. (15a)—(15d) by using Maslov’s method. Values for different
parameters of Cassegrain system are: kf = 170, ka = 40, kb = 60,
kd = 50, kD = 150. Limits of integration for Eqgs. (15a)-(15d) are
selected using the following relations [13].

A} = 2tan! (Z) , Ay =tan! <jc> (16)

Equations of caustic for LLL and RRR rays are given by Eq. (15a)
and Eq. (15b). These are similar in the case of ordinary medium [13].
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LLL and RRR rays coincide for all values of k3. As the value of k3
increases, magnitude of the field at caustic increases. This behavior is
depicted in Figure 6. For k3 =0, n; = nge = 1 and

Urrr = Ugrrr =0 (17)

Equations of caustic for RRL and LLR rays are given by Eq. (15c¢)
and Eq. (15d). As the value of kf3 increases, the gap between the focal
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Figure 6. Plots of Cassegrain system at kx = 0 for kG =
0,0.001,0.005,0.01 for: (a) |Urrrl, (b) |UrrR|.
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points of RRL
due to the fact
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and LLR rays increases as shown in Figure 7. It is
that enlarging the value of chirality parameter causes

reduction in the phase velocity of LLR ray, i.e., it slows down. While
by increasing the value of k3, phase velocity of RRL ray increases. This
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(18)

340
is why the gap between RRL and LLR rays continues to increase with
increased value of k3 as shown in Figure 7. For k0 =0, ny = ng =1

and
Urrr =UrLLr =0
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Figure 8. Plots of Cassegrain system at kz = 0 for k3 =1.2,1.4,1.6

for: (a) ‘ULLL|7 (b) ‘URRR‘-
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Eq. (17) and Eq. (18) explain that for zero chirality parameter, a; = «
and as = «, i.e., LI and RR rays reduce to zero amplitude. Since LLL,
RRR, LLR and RRL rays are reflected as the result of incidence of LL
and RR rays on hyperbolic reflector, it is quite obvious that if LL and
RR rays vanish at k8 = 0 then LLL, RRR, RRL and LLR rays also
have zero amplitude for zero chirality as shown in Figures 6-8. While
other four rays LRL, LRR, RLR, RRL, caused due the incidence of RL
and LR, will be as ordinary medium waves [13] for zero chirality case.
Due to these properties, it can be advantageous in RF absorber and
reflection controlling applications.

Plots of LLL and RRR rays for k3 > 1 are given in Figure 8. In
this case, LCP wave is traveling with NPV and RCP with PPV. Due
to this, LLL and RRR rays are located at the same location as in the
case of ordinary medium, while RRL and LLR waves diverge out and
do not form a real focus. Hence for k8 > 1, negative reflections occur,
which can be applicable where invisibility is required.

5. CONCLUSION

It is found that the excitation of a Cassegrain system, placed in
homogenous chiral medium, by plane wave yields eight rays, four
of which converge and their field expressions are determined in this
paper. Two of them, LLL and RRR, are focused at the same location
as if the system was placed in an ordinary medium [13]. It is also
observed that for PPV case other two rays, LLR and RRL, are focused
on the opposite sides of the caustic locating in an ordinary medium
location [13]. As k@ increases, the gap between the focal points of
LLR and RRL rays increases. For NPV case, it is observed that the
caustic for LLL and RRR rays does not change, while the caustics of
LLR and RRL rays disappear because these two rays are now diverging.

APPENDIX A. EVALUATION OF D(T)

A.1. For LLL and RRR Rays

We will drive here for LLL ray which can be modified for RRR ray as
well.

) )
D) = O(zrLL, 2LLL) _ 7%2? FELLL
9(&1,t) QgLi  OxLL

(& + P, t 0(C2 + P t
_ 0(& LLL )PZLLL P, (G2 rrrt) (A1)
& &1
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where zrr1, zrrr, Perrpr and P,ppp are given in Eq. (7a), Eq. (7c)
and Eq. (3a) respectively. By using relations ggz = gg gg tan w%?
and simplifying we will get

0 0 20 — ) O
D(t)p11 = 2403 [ag_az] ”1W 82 a2)
where
da  cosa O L, at 06
oo _ o at 9% N
o6 2f T oaa wb?ggagl (A3)

The relation between (£1,(1) and (&2, (2) is as following

({2 —&1) = —tan2a(C2 — (1) (Ad)

Now differentiating both sides of Eq. (A4) with respect to &; and using
Eq. (A3) we will get the following expression

08 cos 1) B (Ca — (1) cos® a _ cosPRy cos? o
o0& cos(2a — 1) f cos2a ~ fcos(2a — 1)
Substituting Eq. (A5) and Eq. (A3) in Eq. (A2) and using relations

(A5)

(o =c— Rocos2a and (1 = w we will get
cos? a 2 cos® a' Ry 9
D(t)rrL = T [(  cos(2a — ﬂ))bz@) nit — anz] (A6)
Now using cos 2a = < CQ and sin 2o = 1%
cos(2a — ) = cos2a cos ) + sin 2asiny) = C]_%CQ ¢+§ismw
2
1 b a o b
= ——— |- — Q)+ =& = AT
RQ\/m |:a<2(c CZ) b§2:| m ( )
Using Eq. (A7) in Eq. (A6) we will get
cos? n1t
D(t)LLL =N1— f R2 [1 — R11:| (AS)

Similarly, D(t) for RRR ray will be as following
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A.2. Jacobian for LLR and RRL Rays
From Eq. (3d), it is seen that

O(zLLR, 2LLR) _ 9opi  Oopn
D<t)LLR = T a/c. oz ‘o Oz ’
d(&1,t) gt LR
_ &+ Porert) , -, 9+ Perrrt)
96, ek = Forpr =5, =
A(y2 — ) cos vy 0&
= n?t - —= Al
ny o, n2 cos ) O, (A10)
Where
A —y) _ Absin” (Fsiny)] 9y
&1 351 s
N1 COS7y Oy a*cos® e 0&
— 9% (A1)
n3 —n?sin?y o6 bzgg 96

Using Eq. (A11) in Eq. (A10) and simplifying we will get
na Ry cos? o cos Y2 n2t cos? 0%

feosy ] Rif n2 — n% sin? 5

[anl cosy—a (\ /n3 — n? sin®y + ny cos ’y)} (A12)

Similarly, for RRL ray

D(t)1or = —[

n1 Ry cos? arcos vy n2t cos? v

fcosy } Ry fy/n? —n3 2 5in? v
|:7”L2R1 cosy —a (\ /n? — nsin vy + na cos 7)] (A13)

APPENDIX B. DERIVATION OF F = J(T)%%

D(t)rrs = [

B.1. Derivation for LLL and RRR Rays
From Eq. (7c)

=Gt - 6) = G+ ot2a—2) (e - &) (B)
xLLL
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Differentiating both sides with respect to &
0z _ 0¢ n d[cot(2a — 2¢)(z — &)

0% 0% 08
B 1 & Ia—1p)  cos(2a—1p) I
T sin(2a — 2¢) 96 2nat P cost  O& (B2)
Now
OP.prr,  O[—nicos(2a—21)] ) o 06 0(a—1)
o 96, =2n sin(2a—21)) %, 06 (B3)
OP;prr 0§ 0P.L1L
dz 0z 0& (B4)
Using Eq. (B2) and Eq. (B3) in Eq. (B4) we get following.
OP.rrr 2 o 0la—1)
5 2nq sin®(2a — 2) 9,
INa—1) cos(2a—1¢)0&
Mt e T s 06, (B5)
Now
OP.rrr cos¢sin2(2a — 20) 0&1 O(a — )
Jrre 0z 2 cos(2a — 29)) 0E 06 (B6)
Using Eq. (A3) and Eq. (A5) we will get
) OP.prr . cos 1 sin?(2a — 21)) 1 2a* cos®
LEL =5, — ™ cos(2a — 21)) Ry 25 cos(2a — 29h)
.2
_ nysin®(2a — 29)
Similarly, for RRR it will be
200
J(t)RRRaszRR _ ngsin®(2a — 2v) (BS)

0z Ry
B.2. Derivation for LLR and RRL Rays
From Eq. (7d)

P,
win =G+ 5@ =) = G toot(n — )@ — &)  (BY)
zLLR
Differentiating both sides with respect to & and then simplifying we
will get
dz 1 0&1 O(y2 — 1)  cosvyg O
> n2t — >~

& sin(yy — 1)) & &, cos ) OE; (B10)
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Now
OP;rrr _ 9l-ngcos(ya—9)] _ . 08 O(72 —¢)
96 96, = ng sin(vye ¢)6€2 9% (B11)
OP.LLr _ 0§ OP.LLr
0z 0z 0& (B12)

Using Eq. (B10) and Eq. (B11) in Eq. (B12) we get following

OP.LLRr - I(v2—P)[  O(y2—1) cosyz 0
- - t - %2 (B13
0z nzsin”(12—¢) 0&1 "2 & cos 1y 06, (B13)
Now
OP.1LRr cos Y sin?(yy — 1) 0&1 O(y2 — 1)
J(t = — B14
(®)rr 0z "2 COS Yo 0&  0& (B14)
Using Eq. (A3) and Eq. (A5) we will get
OP.Lpr | n3sin®(y2 — 1) cos®y
J(t)LLr 5
o _cos*yg\/n% — n% sin?
-nlel—a\/(Rle)(nz—n% sin?y) —nyab
(B15)
bR1 Ry
Similarly, for RRL it will be
0P, n? sin cos?
H(Onr 2o _ | TS ) o8y
o | cos 1 n1 — n% sin?
-ngle —a\/(Rle)(nl —n2 sin 2y) —noab
(B16)
bR1 Ry
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