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Abstract—An open-ended waveguide probe has been adapted for
complex permittivity determination and hence mechanical property
inspection of cement-based materials. The probe uses amplitude-only
reflection measurements at different frequencies for this goal, which
is suitable for industrial based applications when cost and ease of
use are important considerations. We have derived expressions by
taking into account of the wave-material interaction. The reference
plane for measurements is set inside the waveguide to measure solely
the reflected signal of the dominant mode. It is shown that the
measurement results are in good agreement with the theory.

1. INTRODUCTION

Material research has provided many dielectric materials for
application in industry. With increasing utilization of different
materials, including composite materials, there is a growing industrial
demand for dielectric characterization of these materials for design,
manufacturing, and quality control purposes in industries such as civil,
aerospace, electronics, chemical, etc. [1–8]. Many factors such as the
frequency range, required measurement accuracy, sample size, state
of the material (liquid, solid, powder and so forth), destructiveness
and non-destructiveness, contacting and non-contacting, etc. have to
be considered when choosing the appropriate technique to obtain the
desired information on the dielectric properties [1, 9].
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Resonant methods have much better accuracy and sensitivity than
nonresonant ones [1]. They can be applied to characterization of
low-loss as well as high-loss materials [1, 10], though, a meticulous
sample preparation is needed before measurements. In addition,
for an analysis over a broad frequency band, a new measurement
set-up (a cavity) must be made. This is not feasible from a
practical point of view. Furthermore, these methods generally
assume that the sample does not alter the resonant frequency and
slightly decrease the quality factor to apply sample perturbation
technique [1]. Due to their relative simplicity, nonresonant waveguide
transmission/reflection methods are presently the most widely used
broadband measurement techniques [11]. These methods have
effectively been applied to determine relative complex permittivity (εr)
of materials [12–16]. However, these methods together with resonant
methods are destructive since they require elaborate sample cutting to
fit the sample into its holder. Therefore, the solutions to nondestructive
εr measurements of a material at higher frequencies are limited to
open-ended coaxial [17, 18], parallel-plate waveguide [9], open-ended
rectangular waveguide [19–23] and free-space methods [24–26].

Free-space methods are contactless and thus suitable for
measurements at high-temperatures [1]. However, they suffer from
the diffraction at the edges of the sample. In order to reduce this
effect, the transverse dimensions (height and width) of the sample
can be selected sufficiently large. As another solution, spot focusing
horn-lens antennas can be employed [1]. Nonetheless, the bandwidth
of this antenna system is limited due to focusing nature of the lens.
As a final solution, a calibration procedure which takes into account
of the diffraction effects can be incorporated to the measurement
system [25, 26]. The accuracy of free-space methods, however, is not
so high since the footstep of the propagation is relatively large if the
sample is placed at far zone.

Parallel-plate waveguide or parallel-plate transmission lines with
multiple modes can be utilized for nondestructive εr measurements of
materials. Although the accuracy of this approach is very good [9], for
practical applications, it is not easy to have parallel-plates with infinite
transverse dimensions to eliminate fringing fields at the plate corners.
From practical-point of view, open-ended coaxial lines and open-ended
waveguides can efficiently be used for εr measurements.

The mechanical properties of cement-based materials are needed
by designers for stiffness and deflections evaluation and are
fundamental properties required for the proper modeling of their
constitutive behaviors and for their proper uses in various structural
applications. For this reason, determination of mechanical properties
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of cement-based composites has become very important from the point
of view of design [27, 28]. General methods used in civil engineering
for characterizing the mechanical properties of cement-based materials
are either to prepare a specimen with the same mix proportions in
the lab, or to drill a specimen from the structure, and then test
in the lab. The preparation method does not reflect the actual
measure of interest since the specimen in the lab and materials cast
in the field are not cured same [29]. The removal method is clearly
harmful to the overall structure as a result of removing a test sample
(removed sample). The test techniques used for both methods are
destructive [30] because the sample is damaged and cannot be reused
in future. Several non-destructive evaluation (NDE) techniques have
been applied to quality assessment, mixture content evaluation, and
monitoring the internal integrity (voids, cracks, degradation, etc.)
of cement-based materials [31]. These techniques are ultrasound,
infrared thermography, radiography, ground-penetrating radar, and
microwaves. Compared to other NDE techniques, microwaves are not
hazardous, scatter little compared to acoustic waves, are low in cost as
compared to radioactive methods, are noncontact (microwave sensor-
antenna), and have a good spatial resolution and superior penetration
in nonmetallic materials [27].

A close correlation between εr measurements and mechanical
properties (i.e., compressive strength) of cement-based materials
can be established [29]. In addition, εr measurements are
necessary in propagation-related research especially in predicting the
channel properties such as path loss and delay spread in complex
environments [32]. In the literature, εr measurements of cement-
based materials by an open-ended waveguide probe were realized by
complex reflection measurements at the waveguide aperture. In this
research paper, we will utilize a simple and relatively inexpensive
microwave set-up, which is suitable for industrial-based applications,
constructed from discrete microwave components for εr measurements
of fresh cement-based materials by using amplitude-only reflection
measurements from an open-ended waveguide probe at different
frequencies.

2. MODEL FOR THE PROBLEM

2.1. Field Expressions

The problem investigated is depicted in Fig. 1. In this figure, an open-
ended waveguide covered with a low-loss sample with thickness L is
terminated in a high-loss cement sample. We utilize the low-loss sample
so as to prevent water-like cement-sample from seeping into waveguide
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Figure 1. Measurement configuration for permittivity determination
of fresh cement-based samples by an open-end waveguide probe (open-
ended waveguide with a low-loss sample).

and have a flat plane at z = L. The waveguide aperture is located in the
xy plane and positioned at z = 0. It is assumed that waveguide flanges,
transverse dimensions of the low-loss sample and cement-sample extend
to infinity in both x and y directions. It is noted that, by assuming
that waveguide flanges are perfect electric conductors (PECs) and
extend to infinity, and the cement-sample is lossy (which is a real
condition for fresh cement samples), the derived electric and magnetic
field expressions in the unbounded regions (outside of the aperture)
can be uniquely specified by the aperture sources and tangential field
components over a PEC [33].

In the following theoretical investigation, a harmonic time
variation of the type ejωt is used, and we assume that waveguide
walls and flanges are PECs. For the expressions of the fields inside
the waveguide, electric and magnetic vector potentials (or Hertzian
vectors), ~A and ~F , can be utilized [33]. Assuming that the waveguide
operates at its dominant mode (TEz

10), and the low-loss sample has a
flat surface, vector potentials for incident and reflected fields can be
written as

~F i (x, y, z) = ~azA10 cos (βx1x) e−jβz10z (1)

~F r (x, y, z) = ~az

∞∑

m,n=0
m=n6=0

Cmn cos (βxmx) cos (βyny) ejβzmnz (2)

where

βxm =
mπ

a
, βyn =

nπ

b
, βzmn =

√
β2 − β2

xm − β2
yn, β =

ω

c
. (3)

In (1)–(3), the superscripts ‘i’ and ‘r’, respectively, signify the incident
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and reflected fields; A10 and Cmn are the amplitudes (unknown) of the
vectors; a and b are the broad and narrow dimensions of the waveguide
aperture; m and n, respectively, denote how many one-half apparent
wavelengths in x and y directions inside the waveguide cross section;
βxm , βyn and βzmn are, respectively, the apparent phase constants (or
wavenumbers) in x, y and z directions; ω is the angular frequency; c
is the velocity of light in vacuum.

For a complete solution, both TEz and TM z modes should be
considered inside and outside the waveguide. For simplicity, we restrict
the analysis to only TE modes. The reasoning for this will be discussed
later. Then, for a source-free waveguide aperture region, using the
following expressions [33]

~Ei,r = −j

{
ω ~Ai,r − 1

ωµ0ε0
∇

(
∇ · ~Ai,r

)}
− 1

ε0
∇× ~F i,r, ~Ai,r = 0 (4)

~H i,r = −j

{
ω ~F i,r +

1
ωµ0ε0

∇
(
∇ · ~F i,r

)}
+

1
µ0
∇× ~Ai,r, ~Ai,r = 0, (5)

the incident and reflected electric and magnetic fields can be derived
from (1) and (2) as

Ei
y (x, z) = −A10

βx1

ε0
sin (βx1x) e−jβz10z, (6)

H i
x (x, z) = A10

βx1βz10

ωµ0ε0
sin (βx1x) e−jβz10z, (7)

H i
z (x, z) = −jA10

β2
d − β2

z10

ωµ0ε0
cos (βx1x) e−jβz10z, (8)

Er
x (x, y, z) = Cmn

βyn

ε0εrd
cos (βxmx) sin (βyny) e−jβzmnz, (9)

Er
y (x, y, z) = −Cmn

βxm

ε0εrd
sin (βxmx) cos (βyny) e−jβzmnz, (10)

Hr
x (x, y, z) = Cmn

βxmβzmn

ωµ0ε0εrd
sin (βxmx) cos (βyny) e−jβzmnz, (11)

Hr
y (x, y, z) = Cmn

βynβzmn

ωµ0ε0εrd
cos (βxmx) sin (βyny) e−jβzmnz, (12)

Hr
z (x, y, z) = −jCmn

β2
d − β2

zmn

ωµ0ε0εrd
cos (βxmx)cos (βyny)e−jβzmnz. (13)

It is obvious that, for a section of waveguide where there are no actual
sources, the electric and magnetic field expressions corresponding to
different modes in (6)–(13) satisfy Lorenz reciprocity condition, which
in turn validates them [33].
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Assuming uniform unbounded regions outside waveguide aperture,
the basic procedure for obtaining the expressions for transmitted
fields in these regions is to use Fourier integral pairs to map spatial
dependencies of electric and magnetic fields into spatial periods [19–
23]. It is well known that electric and magnetic fields have spatial
periods which are functions of the aperture. Since the electric and
magnetic fields have some non-zero values over the aperture and zero
values elsewhere (a consequence of the assumption of PEC), we can
utilize Fourier integral pairs for these fields over the aperture. As a
result, the problem under investigation (2-D problem) is transferred
from the spatial analysis into the determination of Fourier integral
pairs, given as [34]

f (x, y, z) =
1

4π2

∞∫

−∞

∞∫

−∞
f̃ (kx, ky, z) ejkxxejkyydkxdky, (14)

f̃ (kx, ky, z) =

∞∫

−∞

∞∫

−∞
f (x, y, z) e−jkxxe−jkyydxdy, (15)

where kx and ky denote spatial wavenumbers in x and y dimensions,
and f(x, y, z) and f̃(kx, ky, z) represent the basis of the angular
spectrum method. It should be stressed that, to apply the Fourier
integral pairs to our problem, the function f(x, y, z) (a representative
for the components of electric and magnetic fields) must be continuous
or have only a finite number of finite discontinuities in any finite
interval and must be absolutely integrable [34], that is
∞∫

−∞

∞∫

−∞

∣∣∣f (x, y, z) e−jkxxe−jkyy
∣∣∣ dxdy =

∞∫

−∞

∞∫

−∞
|f (x, y, z)| dxdy < ∞.

(16)
The vector potentials for each region in Fig. 1 (low-loss sample and
lossy cement-sample) expressed by (14) must satisfy the source-free
vector wave equation which is reduced to

d2F̃ tl
z (kx, ky, z)

dz2
− γ2

l F̃ tl
z (kx, ky, z) = 0,

γl =
√

k2
x + k2

y − β2
l , l = 1, 2, (17)

where γl and βl are the propagation factor and phase constant in region
l; l indicates each unbounded region in Fig. 1; the superscript ’t’
denotes the transmitted fields. The solution of (17) can be written
as

F̃ tl
z (kx, ky, z) = F̃+

zl (kx, ky) e−γlz + F̃−
zl (kx, ky) eγlz, (18)
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where Re {γl} ≥ 0 and Im {γl} ≥ 0 [21, 23] for a meaningful attenuation
and phase constant quantities in z and −z directions and F̃+

zl (kx, ky)
and F̃−

zl (kx, ky) are the forward and backward travelling vector
amplitudes to be determined by application of boundary conditions. As
a result, electric and magnetic field expressions for unbounded regions
can be found using (4), (5), (14).

2.2. Boundary Conditions and Derivation of Reflection
Coefficient

Using (14) and (18), transmitted electric and magnetic fields in each
unbounded region can be written as

Etl

y (x, y, z) =

1
4π2

∞∫

−∞

∞∫

−∞

[
Ẽ+

yl (kx, ky) e−γlz + Ẽ−
yl (kx, ky) eγlz

]
ejkxxejkyydkxdky, (19)

Htl

x (x, y, z) =

1
4π2

∞∫

−∞

∞∫

−∞

[
−γlẼ

+
yl (kx, ky)e−γlz+γlẼ

−
yl (kx, ky)eγlz

]

jωµ0
ejkxxejkyydkxdky(20)

where, for derivation of (20), we applied (∇ × ~E)x = −jωµ0Hx

using (19). Since electric and magnetic fields in (19) and (20) for each
unbounded region must satisfy the source-free vector wave equation,
their angular spectrum terms will be in a similar form as F̃ tl

z (kx, ky, z)
in (18).

In each unbounded region, both forward and backward traveling
wave amplitudes should generally exist. We apply the following
boundary conditions to any value of kx, ky, x and y as

Et2
y (x, y, z = ∞) → 0, Ht2

x (x, y, z = ∞) → 0
Et2

y (x, y, z = L) = Et1
y (x, y, z = L) ,

Ht2
x (x, y, z = L) = Ht1

x (x, y, z = L) .

(21)

The first condition in (21) results from the application of radiation
boundary condition, which is essentially a statement of energy
conversation; at an infinite distance from a finite-valued source, the
fields must be vanishingly small (i.e., zero) [33]. In addition, according
to the uniqueness theorem, for the fields in unbounded regions to
be uniquely specified, this condition should be met [33]. The first
boundary condition in (21) is valid for a lossy medium and not directly
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applicable to free-space. To justify this condition (or somehow the
uniqueness theorem for a lossless medium), the fields in a lossless
medium can be considered to be the limit of the corresponding fields
in a lossy medium as the dissipation approaches zero [33].

Using the remaining boundary conditions in (21), we derive a term
which will be used for the derivation of the reflection coefficient at the
aperture as

α1 (kx, ky) = Ẽ−
y1 (kx, ky) /Ẽ+

y1 (kx, ky) = (γ1 − γ2) e−2γ1L/ (γ1 + γ2) .

(22)
At the waveguide aperture, we use the following boundary conditions

Et1

y (0 ≤ x ≤ a, 0 ≤ y ≤ b, z = 0) =

Ei
y (0 ≤ x ≤ a, z = 0) + Er

y (0 ≤ x ≤ a, 0 ≤ y ≤ b, z = 0) , (23)

Ht1

x (0 ≤ x ≤ a, 0 ≤ y ≤ b, z = 0) =
H i

x (0 ≤ x ≤ a, z = 0) + Hr
x (0 ≤ x ≤ a, 0 ≤ y ≤ b, z = 0) . (24)

Application of the boundary condition in (23) yields

Ẽ+
y1 (kx, ky) =

−βx1A10

ε0
S1(kx) C0(ky)−

∞∑
m,n=0
m=n 6=0

Cmnβxm

ε0
Sm(kx)Cn (ky)




(1 + α1 (kx, ky))
, (25)

where α1(kx, ky) is given in (22) and

Sm(kx) =

a∫

0

sin (βxmx)e−jkxxdx=
βxm

(k2
x−β2

xm)

(
(−1)m e−jkxa−1

)
, (26)

Cn(ky) =

b∫

0

cos (βyny)e−jkyydy=
jky(

k2
y−β2

yn

)
(
(−1)ne−jkyb−1

)
. (27)

Integrals in (26) and (27) are extended to the aperture of the
rectangular waveguide using the expression in (15).

In a similar fashion, applying the boundary condition in (24), we
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find

A10
βx1βz10

ωµ0ε0
sin (βx1x)+

∞∑

m,n=0
m=n 6=0

Cmn
βxmβzmn

ωµ0ε0
sin (βxmx) cos (βyny)

=− 1
4π2

∞∫

−∞

∞∫

−∞

γ1

jωµ0
Ẽ+

y1(kx, ky) (1−α1 (kx, ky)) ejkxxejkyydkxdky. (28)

Substituting Ẽ+
y1 (kx, ky) of (25) into (28), we obtain

A10
βx1βz10

ωµ0ε0
sin (βx1x)+

∞∑

m,n=0
m=n 6=0

Cmn
βxmβzmn

ωµ0ε0
sin (βxmx) cos (βyny)

=− 1
4π2

∞∫

−∞

∞∫

−∞


−

βx1A10

ε0
S1(kx)C0(ky)−

∞∑

m,n=0
m=n6=0

Cmnβxm

ε0
Sm(kx)Cn(ky)




× γ1

jωµ0
G (kx, ky) ejkxxejkyydkxdky. (29)

where
G (kx, ky) = (1− α1 (kx, ky)) /(1 + α1 (kx, ky)). (30)

In order to use the orthogonality property of the field expressions [33],
we multiply (29) with sin (βxpx) cos (βyqy) and integrate over the
waveguide aperture. After arranging, we obtain

ab

2
δ0qδp1 +

ab

4

∞∑

p=1

∞∑

q=0

Cpq
βxpβzpq

ωµ0ε0
(2δ0q + δpq)

= −j
γ1

ωµ0ε0





A10βx1J10pq +
∞∑

m,n=0
m=n6=0

CmnβxmJmnpq





, (31)

where

δpq =
{

1 if p = q
0 otherwise (32)

Jmnpq =
1

4π2

∞∫

−∞

∞∫

−∞
G(kx, ky)Sm(kx)Cn(ky)Sp(−kx)Cq(−ky) dkxdky.(33)
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For the evaluation of Jmnpq in (33), one can apply the Parseval’s
theorem, separate the integrand into two separate functions and finally
take their respective inverse Fourier transforms [21]. For more details,
the reader can refer to [34].

3. PERMITTIVITY DETERMINATION

After solving the unknown coefficients Cmn in (31), the reflection
coefficient at the aperture of the probe Sm

11 (or measurement plane)
can be found by

Sm
11 (ω) = Cmn/A10. (34)

It is noted that, in addition to the reflected fields of TEz, TM z fields
will appear at the waveguide aperture if one considers magnetic field
vector potential in unbounded regions. However, assuming that the
reference plane is at least two times free-space wavelength away from
the measurement plane, the effect of reflected fields with all TM z

modes together with all TEz modes except the one with an amplitude
of C10 can be neglected [11, 13–16]. Therefore, the assumption that
an analysis based on only TEz

mn modes is sufficient for our problem is
practically valid. Then, the reflection coefficient at the reference plane
can be written as

Sr
11 (ω) = C10/A10. (35)

Since the reflection coefficient is frequency dependent, amplitude-only
measurements of Sr

11(ω) in (35) at two different frequencies can be
utilized for εr2 determination [35].

4. MEASUREMENTS

The set-up for validating the proposed method is shown in Fig. 2.
The source (OSC) operating between 8.2 and 12.5 GHz feeds the
measurement system. The signal from the source is modulated by
a 1 kHz signal to measure amplitude-modulated reflected signals by
a reflectometer constructed from square-law detectors and couplers.
While the Coupler I measures incident waves, the Coupler II detects
reflection properties. A rotary attenuator (ATT) is used not only for
preventing the source from harmful reflections but also for varying the
level of the incident signal, which allows us to radiate the same level
of incident signal, which is used in the calibration process to send the
same level of incident signal.

We performed a simple calibration procedure for relative
measurements as follows [36]. Firstly, we positioned a waveguide short
at the reference plane (Fig. 1) and then measured amplitude of reflected
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signals by the Coupler II. Next, we located the sample on a thin fused
quartz sample (5 mm) and re-measured the reflected signals by the
Coupler II. During these measurements, we used the same incident
signals measured by the Coupler I. Finally, we measured Sr

11(ω) at the
reference plane as

Sr
11(ω)meas =

√
Vsr/Vm (36)

where Vsr and Vm are, respectively, the dc voltage values of reflected
signals of the sample and metal plate (reference). We connected an
extra waveguide section with a length greater than 2c/f at X-band
between the reference plane and open-ended waveguide aperture to
filter out any higher order modes [11].

Since the proposed method relies on the computation of C10

using Cmn in (31), and there are infinite sets of linear equations
in (31), the computations should be performed with a finite set of
equations. It is assumed that the final convergence to the solution
of Sr

11(ω) is obtained by considering twenty modes [9, 21]. We noted
that eight modes are sufficient to obtain highly accurate results.
Because the proposed method exploits amplitude-only measurements
at different frequencies for permittivity determination, permittivity of
materials can be determined using two approaches: namely, frequency-
independent or frequency-dependent [37]. While the former assumes
that permittivity slightly changes with frequency, the latter takes
into account of a change in permittivity with frequency. Since high-
loss samples are more frequency-dependent than low-loss samples, the
latter approach is more suitable. Using this approach, permittivity can
be modeled as a function of finite power series [35, 37]. Selection of the
degree of approximation by power series depends on the frequency
behavior of the sample. For selection of the appropriate frequencies
for the permittivity determination, in this paper, we apply the simple
approach adopted in [37]. For more details, reader can refer to [37].

Figure 2. Measurement set-up for validation of the proposed method.
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For validation of the method, we prepared some fresh cement
samples with different water-to-cement ratios (w/c). Then, we
poured them into a plastic container whose transverse dimensions are
approximately 30 cm × 30 cm × 15 cm. Next, we pointed the probe
(open-ended waveguide with thin quartz sample) onto the prepared
samples. Finally, we measured the permittivity by the proposed
method. For example, Figs. 3 and 4 demonstrate the measured
complex permittivity of two cement paste specimens (a mixture of
water and cement) with different w/c ratios. Both of them were 2-
hours aircured at room temperature.

Figure 3. Measured complex permittivity of the prepared cement
paste with w/c = 0.4.

Figure 4. Measured complex permittivity of the prepared cement
paste with w/c = 0.45.
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For verification of the measurements by the proposed method, we
also applied two other methods [38, 39]. In the application of these
methods, we positioned some of the prepared samples (each 15mm in
length) between two low-loss polytetrafluoro-ethylene (PTFE) samples
with different lengths (5 mm and 7 mm) for the method in [38] and
identical lengths (5mm) for the method in [39]. We assumed that the
complex permittivities of the quartz and PTFE samples, respectively,
are 3.78− j0.00006 [40] and 2.043− j0.00076 [40, 41]. For calibration
of these methods, the thru-reflect-line calibration technique [42] is
utilized. We used a waveguide short and the shortest waveguide
spacer (44.38 ∓ 5%mm) in our lab for reflection and line standards,
respectively. The line has a ±70◦ maximum offset from 90◦ over 9.7–
11.7GHz.

It is seen from Figs. 3 and 4 that there is a good agreement
between measurement results of the proposed method and those of the
methods in [38] and [39]. This validates the accuracy and derivations
of permittivity in Section 2. The oscillatory behavior of measured
permittivity by the method in [38] may arise from the fact that while
reflection measurements give information of surface characteristics,
transmission measurements show the information of internal structure.

Although the proposed method is applicable in industrial settings,
it assumes that the sample under test is homogeneous. In practical
applications, a perfect homogeneity in samples is not possible. In these
circumstances, a surface scanning of the sample is needed to be sure
if the sample is homogeneous or the measurements are accurate. The
proposed method may not be so applicable to these applications since
it may require considerable amount of time and effort for a complete
surface scan of samples with larger transverse dimensions. In such
applications, open-ended horn antenna probe seems promising since it
combines the better features of free-space measurements (fast surface
scanning) and open-ended waveguide measurements (good spatial
resolution and accuracy). As a future study, we would like to apply
the open-ended horn antenna probe as a means of fast and accurate
surface scanning for monitoring the mechanical property inspection of
civil structures (buildings, bridges, etc.).

5. CONCLUSION

A feasible waveguide probe has been proposed for permittivity
determination of lossy fresh cement-based materials. We have derived
expressions for permittivity determination by using amplitude-only
reflection measurements. The proposed method is validated by
permittivity measurements of prepared cement paste samples.
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