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Abstract—An expression for the eddy current loss in solid
rectangular cores is obtained using linear electromagnetic field analysis.
Wherefrom text book formula for eddy current loss is derived
highlighting various assumptions involved. To get an insight into the
current interruption phenomena, electromagnetic fields in a composite
rectangular core are analyzed. It is concluded that the reduction in
eddy current loss in a laminated cores is basically due to the insertion
of distributed capacitors in eddy current paths. Presence of these
capacitors increases the impedance of the eddy current path, reducing
eddy currents and eddy current loss.

1. INTRODUCTION

Time-varying magnetic fields are established in the core of a coil
carrying alternating currents. This may result in eddy currents leading
to eddy current loss in the core. Expressions for eddy current loss
commonly found in text books [1-3] are derived using lumped circuit
approach and assumed eddy current paths. Eddy current loss per unit
volume of a thin plate is given by

Gl
6

where B,,, f, T and ¢ indicate maximum value of flux density, supply
frequency, plate thickness and conductivity respectively.

Since loss density, P., is proportional to the square of plate
thickness T', it appears that eddy current loss can be reduced if
the plate is laminated. However it has been noticed [4] that since
Eq. (1) is based on a simplification of actual conditions, it is unreliable.
Therefore core loss is generally estimated from curves based on
laboratory tests [4].

P, = —B2 f*T?%¢ (1)
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It is an experimental fact that the eddy current loss in a core with
finite cross-section, is reduced if the core is laminated [4, 5]. Fitzgerald
et al. [6] observe that magnetic structures are usually built of thin
sheet of laminations of the magnetic material. These laminations are
insulated from each other. This greatly reduces the magnitude of
eddy currents since the layers of insulation “interrupt” the current
path. It is often surmised [7-9] that this “interruption” totally blocks
eddy currents in one lamination from flowing into the other, thereby
altering the shape and size of eddy current paths, thus reducing the
eddy current loss.

Many technical papers have been published on electromagnetic
transients [10-16] resulting eddy currents. In this paper, using linear
electromagnetic field analysis, an expression for the eddy current loss
in solid rectangular core subjected to sinusoidal excitation current is
found. Wherefrom, based on simplification of the actual conditions,
Eq. (1) is developed as a special case,. Also, to glean an insight into the
current interruption phenomena, electromagnetic fields in a composite
rectangular core are analyzed.

The work reported in the companion paper [17] takes cognizance
of the current interruption in laminated cores.

2. HOMOGENEOUS RECTANGULAR CORES

Consider a long magnetic core of width W and thickness T, as shown
in Fig. 1. The exciting coil carrying an alternating current

i = Iel! (2)
is simulated by a surface current density
Jo=1-N 3)

where N indicates the number of turns per unit core length.

<« Jo

T v TJo

i

Figure 1. Solid rectangular core.
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The current carrying coil will produce a magnetic field H,. This
time varying field will induce eddy currents in the conducting core.
The magnetic field outside the coil is neglected. Maxwell’s equations
for harmonic fields are:

VxE = —jwuH (4.1)
VxH = (0+ jwe)E (4.2)
V-E=0 (4.3)
V-H =0 (4.4)

Therefore, for constant permeability p:

V2H = —*H (5)

. . wuo
vzx/wzue—wuff%(l—])\/% (6)

This is a two dimensional problem as fields vary along z- and y-
directions only. Thus

where

0’H, n 0%H,
0x2 Oy?
The boundary conditions for the magnetic field H,, in the core are

H,=J,, at v = £W/2, over (-T/2) <y < (T/2) (8.1)

= _72Hz (7)

and

H,=J,, at y==+T/2, over (-W/2) <z < (W/2) (8.2)

Therefore, the solution for Eq. (7) can be given as follows:
mm cosh (amy) cosh (5,7)
H.= m by, —
pzla COS(W > cosh (v, T'/2) +Z COS< ) cosh (5, W/2)

9
for (-W/2) <2z < (W/2) and (-T/2) <y < (T/2) ©

2
mi
wh = — ] —A2 9.1
ere, ( W ) vy (9.1)

and

so=[(2) -2 (9.2
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m=2p—1
and
n=2q—1
while, the Fourier coefficients for rectangular waveforms are:
4 | [(mm
Ay — JO% Sin <2> (101)
and 4
. (nm
bn = JO% sin <2) (102)

The distribution of eddy current density in the homogeneous core can

be found using
J=0F (11)

where o indicates the conductivity of the core material. Therefore in
view of Eq. (4.2)

J=0(VxH) (12)
where,
| J— (12.1)
o+ jwe

Thus from Egs. (9) and (12):

Iy = g(éam)amcos <’;f$> m

_g:l (5%) by sin %y> . %% a3)
J, = i (557 amsin (i) - ﬁ(—m’%

_ qul (35, bucos () - % 14

Next, consider the complex Poynting vector and its components, as
given below,

1
P=_ExH (15)
1

Py = 5 J,H: (15.1)
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and

)= —

Yy

(R
%Jg;HZ
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(15.2)

Now, eddy current loss per unit core length, P, is given as the real part
of P., the complex power per unit core length. While

T/2

PC:*2 / Px|ac:W/2dy72

T2
Using Egs. (10.1), (10.2), (1
(9.1), (9.2) and, (12.1):

P.= J T jwp [WZ

p=1

3) and (14

tanh (a,,, T/2)

m2ayy,

w/2

/ Py|y:T/2 dx
—W/2

DY

q=1

n28,

where, m = 2p — land n = 2¢ — 1.
Therefore the loss density P,, in the rectangular core is given by:

tanh (8, W/2)

(16)

), one gets in view of Egs. (6),

] (17)

> Qi Sinh (T — Qg sin (i T)
o ] o ngl m? (a2, + a2,;) [cosh (am,T) + cos ()]
e=_5JodoWH o i Bi sinh (B W) — By sin (B W)
q=1 n? ( %r + ﬁ%z) [COSh (/Bn’/‘W) + cos (BmW)]
(18)
where
amr=Re [aun)
1 - ma\ 2 9 2 9.9 9 ma\ 2 9 1
:ﬁ (W) —wipEy twpcoc+ (W) —w pepy| (18.1)
Qi =1 [t ]
[ 2 2 2 1
Z% {(%) —uﬂus} +w /LQUQ—{<W7T) —wgue} (18.2)
6n7":Re [-ﬁn] _
[ 2 2 2 12
:% {(%) —(UQME} +w2u202+{(%> —wZ,uE} (18.3)
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() e () ]

The expression for eddy current loss per unit core length given in
Eq. (18) is quite involved. This can, however, be simplified by noting
that the hyperbolic functions are usually much larger than sinusoidal
functions. Thus for large values of (- T') and (Bp, - W), on setting
tan hyperbolic functions to unity:

where, m =2p —1 and n = 2q — 1.

A further simplification is possible if both (7/W) and (7/T) are
large compared to \/wpo. Therefore for small values of o, in view of
Egs. (18.1)—(18.4), Eq. (19) reduces to:

4
R~ ;SJOJ;"wQ,u,QJ [WA‘ + Tﬂ (20)
where,
=1
S = — 20.1
S @0

where, m = 2p — 1.
The value of S found from tables [18,19] is

S =1.00452 ~ 1 (20.2)
Alternatively for large values of o, only the first terms in the two fast
converging infinite series involved in Eq. (19) could be retained. Then,
from Egs. (9.1) and (9.2):
o & By~ jy (21)
Thus, using Eq. (6)

ar = fr~(1+7)/—— (22)
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Therefore from Eq. (19), for large values of o

42
P, ~ —{JOJ;“ “Ew 4 (23)
™ g

A large conducting plate of thickness T, can be considered as

a special case of the rectangular core with its width, W, tending to

infinity. While, the eddy current loss per unit plate volume, p., is
given by

Pe = (Pe/WT)|wﬂoo (24)

Therefore, in view of Egs. (9.1), (6), (18) and (24), one gets:

oi 1sinh( %-T)—sin( w_ga.T)
Pe = Joor | = | = < (25)

20| T cosh ( %T) + cos MT)
2 2
Therefore, for thick plates
L jwp [1
Pe = Jod, 95 [T} (25.1)
while for thin plates,
Pe & JOJj;—4w2u2T2 (25.2)

This leads to Eq. (1), on substituting 27 f for w and B2, for p2.J,J?.

3. COMPOSITE MAGNETIC CORES

Let the homogeneous core in Fig. 1 be replaced by a composite core,
made up of two different materials and placed symmetrically inside the
current carrying coil, as shown in Fig. 2.

Three core-regions can be identified, viz, region-1 (or central
region) for (—717/2) <y < (11/2); region-2 (or top region) for (71/2) <
y < (T'/2) and region-3 (or bottom region) for (=7/2) <y < (=11/2).
Each region extends over (—W/2) < x < (W/2). In view of symmetry
it will be sufficient to consider, say, the first two regions. We shall use
suffix-1, to indicate region 1 and suffix-2, to indicate region-2.

Noting that H;, is an even function of x and y; further, it satisfies
Egs. (7) and (8.1). Let

> mm cosh (a1my)
H,, = ! ) /A7 mI)
! pzz:l Cm €08 ( %% a:) cosh (a1, T/2)



124 Mukerji et al.

«—1
T Y Jo
14 T2 ¥ Ya
T T R | > X
l V5 T, AF 7 Ld

Figure 2. Composite magnetic core.

3 sh (61,)
+) ! cos (E ) o \n®) 2%
qz::l T Y) " cosh (B1nW/2) (26)
where, in view of Eq. (7)
mm\?
am =[5 ) i (26.1)
nm\*
Bin =77, ) — i (26.2)
M= \/(—jwul)(al + jwer) (26.3)
and in view of Eq. (8.1)
4
¢! = J,— -sin (%) (26.4)
nm

while ¢/, indicate a set of arbitrary constants and m = 2p — 1 and
n =2q— 1.

Now, Ha, is an even function of x only. It satisfies Egs. (7) and
(8.1). Further,

Hy, = Hy,, at y =T1/2 over (—-W/2) <z < (W/2) (27.1)
and
Hy, = J,, at y=T/2 over (—-W/2) < x < (W/2) (27.2)
Therefore,

Hy, — icos(mﬂ ){d sinh agm(y—T11/2) , sinhagm(y—1/2)

W sinh(aomT5/2) ™ sinh(asmIb/2)

p=1
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SR T, T, cosh ([, )
_|_Zc COS(y__>'COSh(62nVV/2) >

2
mm

Qom = (W) - ”Y% (28.1)

n2m\ 2 9
n = ) 28.2
P ( T > 72 (28.2)
v2 =\ (—jwpa) (02 + jwes) (28.3)

and in view of Eq. (27.2)
4 mm

dm = Jo— sin { —— 28.4
o 5111( 5 > ( )

andm=2p—1, n=2q—1.

To find the arbitrary constant ¢, consider the distribution of
electric field in the two regions. In view of Egs. (12), (12.1), (26) and
(28), the distribution of eddy current density in region-1 is obtained
as:

o . h m
Ty = 2(51041771)0;,1008 (m‘/‘?;j:) sin <(Oé1 %))
p=1 cosh alm?

-y (61 "_”> ¢y sin (nwly) C::;h(;inv?) (29.1)

and

= mr\ , . (mmz\ cosh(aimy)
Jiy = Z: (61W>Cm sm( W ) T
p=1 cosh alm?
o . h n
- Z (81810l cos <n7ry) sinh (S1,7) (29.2)
- T w
q=1 cosh | B1p—
2
where, m =2p —1, n =2q — 1 and
Si=— b (29.3)

(o1 + jwer)
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and in region-2, as:

Joz :Z: (dav9mm) cos <mm7;x)
p=1
T; T
cosh agp, <y 21) cosh ao, (y 2)
x| dm —c
. T3 o T
sinh | agyy — sinh{ agy, =
2 2
> 2 2 Ty I: h
S (B2 sin 2T (-T2 ) 2RO a0
q=1 2 2 cosh (ﬁgng)

and
> mm . mmnx
J2y == Z (62W) Sin <W>

p=1
T, T
sinh a9, (y — —1> sinh ay, <y - _>
/

X |d 2/ _ c 2
" T e T
sinh | oy — sinh (| agp—
2 2
> n2 T T inh (B2,
Sty B L) S
T 2 4 W
cosh | Bop—
2
where, m =2p — 1, n =2¢ — 1 and
02
0g = ————— 30.3
27 (o9 + jwen) (30.3)
Now, since,
Jla: J2x
— == aty="T1/2, over (-W/2) < z < (W/2) (31)
o1 09

Egs. (29.1) and (30.1) give,

= (6
Z (Ul > tanh (a1, T1/2) c,,, cos <T$x>

p=1

S (51 n7r> sin (nr/2) o oS Bin)_

=1 g1 Tl " cosh (ﬁan/Q)
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, mm
= Z —agm [dmcosech (o Th/2) — ¢, coth(aom T5/2)] cos W
0o n2m\ . , cosh (B2,7)
22 el 9) ! P AP2nT)
+ Z ( ) sin (nm/2) ¢, " cosh (BanV/2)
over (—W/2) <z < (W/2) (32)

and where, m =2p —1, n=2q — 1.
Considering the Fourier series expansion:

mm (M7
cosh (Bnz) 14w in 2 (mﬂ )
_COSNAOnT) W \2) mr 33
cosh (8, W/2) pz_:l w (mﬂ)2 2 Aw? (33)
w
over (—W/2) <z < (W/2) and where, m = 2p — 1.
We get from Eq. (32)

[/ 0 0
(—1a1m> tanh (a1, 11/2)+ (—2a2m> coth (Oéngg/Q):| .
o2

[\o1
09 4 .
= (U—2a2m> cosec (g T2/2) dp, + WW sin (7>

(ﬁi)i nmsin <”27T) c”+<52 1)% mrsin<n;) o e

o1 Ty )& mr\2 " \ooTh )4 mr\2 "
where, n = 2q — 1.

Now, in view of Eqgs. (26.1), (26.2) and (26.4)

. (nm
oco nmsSi | — o)
mr\2 " T 2 '

q=1 /6% 4 (_) n—odd p2 | (_1a1m>

" W T

where, n = 2¢g — 1 and in view of Egs. (28.1), (28.2) and (26.4)
nmsin <n7r>
00 00 4 , T, /92 2

Z 2 c// _ Z J. ( 2/ ﬂ-) (342)

26n 2
mm T
=t ( W ) it (2;0‘2’“)
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where, n = 2q — 1.
These infinite series can be summed up [11,12]. Thus, using the
identity:

> 1

™ ™
> T = g b (50) (35)

q=1

where, n = 2¢g—1 and Egs. (34) and (28.4), the expression for ¢, found
as:

r 4 . (mm\ 01 [ mmw/W
2 Josin (1) 0L h (Q1mT1/2
WJ Sln( 5 )Ul{ - tanh (a1 / )}

4 . (mm\ 02 [ mm/W
A Jsin (MY 02 h (0igm To/4
+ WJ sm( 5 )(72{ - tanh (g, 1o /4)

Qo2m
+ cosech (o, To/ 2)}
L mn/W | (36)

Cm =
|:<510£1m) tanh (almTl /2) + (52052m> coth (OéQmTQ/Z):|
o1 g2

4. DISCUSSION

Expressions for eddy current loss in the solid rectangular core are given
by eqns. (18), (19), (20) and (23). From each of these equations it can
be concluded that for a given core area and coil current, the loss density
is minimum for a core with square cross section. Incidentally, for each
metre of coil length, both the amount of copper in the coil as well
as the copper loss will also be minimum in the case of a square cross
section.

For the rectangular core, the eddy current density, J,, is given by
eqn. (14). This component of eddy current density vanishes as the core
width, W tends to infinity. Therefore, in large plates, eddy currents
flow parallel to the plate surfaces. Thus if the plate is laminated, eddy
currents are not interrupted. However, because of non-zero thickness of
interlaminar insulation, laminating large plates alters the distribution
of eddy currents in the plate volume.

Consider the composite core shown in Fig. 2. It may be seen
from Eqgs. (29.2) and (30.2), that the normal component of both, the
displacement- and the conduction-current densities are continuous at
the boundary between the two adjacent regions, provided that the
relaxation times for these regions are identical.

In general, these current densities are discontinuous at the
interface of two adjacent regions. This indicates the existence of a
distribution of time-varying surface charge density on the interface.
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Figure 3. Cross-sectional view of composite cores with perfect
insulation.  (a) Small insulation thickness, (b) Large insulation
thickness.

In view of eqns. (29.1), (29.2) and (29.3), there will be no eddy
currents in region-1 when the conductivity of this region, sl, is zero.
Eddy currents in region-2 and -3, flowing in open paths deposit charges
on the two interfaces between conducting and non-conducting regions,
vide Fig. 3. The region-1 provides a distributed capacitance in the
eddy current paths. For a non-zero conductivity of region-1, o1, eddy
currents flow through leaky capacitance. It is therefore, concluded that
even with perfect interlaminar insulation, eddy currents in a lamination
are not totally restrained from flowing into another.

5. CONCLUSION

The presence of capacitance in the eddy current path increases the
impedance of the path. Thus reducing eddy currents and eddy current
loss for a given core flux.

An application of the theory discussed here, is presented in the
companion paper [[17]. Lastly, it may be pointed out that the
treatment given in this paper can be readily adapted for cores made
of left-handed materials with simultaneously negative permittivity and
permeability [20-22].
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