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Abstract—The T-matrix method is used to model semicircular
channels filled with chiral materials in a conducting plane. The
coupling of both TM and TE polarizations is represented explicitly.
Addition theorems in half space are derived and used to take account of
the multiple scattering of parallel channels. The boundary conditions
are checked for chiral channels to verify the algorithm proposed. Co-
and cross-polarization effects of chiral materials are investigated by
varying several physical and geometrical parameters of the parallel
channels.
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1. INTRODUCTION

Scattering from a semicircular channel is a typical boundary value
problem (BVP) in electromagnetics. Many authors have utilized the
dual-series solution for the radar cross section (RCS) analysis of a single
channel or the one loaded by dielectric cylinders [1-7]. In dual-series
solution, the fields are expanded in terms of cylindrical harmonics and
boundary conditions are enforced to obtain the expansion coefficients.
Recently, the authors in [8] extended the solution to two semicircular
channels using the addition theorems in half space. However, only TM
polarization is considered.

Generally, the dual-series solution belongs to the mode matching
method which has been widely used in modeling the discontinuities in
waveguides. The mode matching method could provide very accurate
solution efficiently. However, it will become very cumbersome when
dealing with complex channel structures. To overcome this drawback,
the authors have proposed a novel method which combines T-matrix
and microwave network approaches [9]. The introduction of the
T-matrix for a semicircular channel greatly simplifies the analysis
procedure and thus, very complex channel structures could be handled
readily. On the other hand, scattering from channels filled with one
kind of novel medium becomes an interesting research topic. For
example, P. L. E. Uslenghi investigated a slotted semielliptical channel
filled with isorefractive material [10].

In this paper, we extend the T-matrix solution into scattering
of parallel channels filled with chiral media. The chiral medium is
a special bi-isotropic material which has been continuously studied
in this decade [11-13]. It is well known that a linear polarization
wave propagating in a chiral material undergoes a rotation of its
polarization. This means TM and TE waves are coupled together
and thus, could not be analyzed separately. This introduces additional
difficulties in analysis. Here, we first derive the T-matrix of a single
channel filled with a chiral medium. This T-matrix includes the
coupling effects explicitly. Then addition theorems in half space are
used to consider the multiple scattering of several channels. All the
formulas are expressed in matrix form to ease the implementation.
Section 2 will derive the T-matrix of a single chiral-filled channel. In
Section 3, multiple scattering of parallel channels are discussed with
the aid of addition theorems in half space. Validation and numerical
examples are provided in Section 4 followed by a short conclusion.
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Figure 1. Cross section of a single channel filled with a chiral medium.

2. T-MATRIX OF A SINGLE SEMICIRCULAR
CHANNEL FILLED WITH CHIRAL MATERIAL

Let us first consider a semicircular channel filled with a chiral medium
in a ground plane as shown in Fig. 1. The channel locates in an
isotropic medium with the relative permittivity ; and permeability
p1 (region I). The radius of the channel is denoted as and the
chiral material is characterized as (u,, &y, ) which represents relative
permeability, permittivity and chirality admittance, respectively
(region II). These parameters describe the constitutive relations of the
chiral medium as (time factor e/** is assumed throughout the paper):

D = ¢.eoF — j¢.B (1)
1
H = B - ]ch (2)
Hor O

It is well known that a chiral medium supports both right and left
circular polarized waves with two different wave numbers kr and kj,

respectively, given by
ko/irer <\/ 1+x2 + ><> (3)

b = ko (V1432 =) (4)

where the chirality parameter x = /. /e,m0&c, is a dimensionless value
and 7y = 1207w ohms is the wave impedance of free space.

kr
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Since the TM and TE waves are coupled together in the chiral
medium, the corresponding electric and magnetic components in region
I could be written as follows:

Bl = 3" |af Ju(kip) sinng + b H (ki p) sinng)| (5a)
n=1
H! = Z [aHJ (k1p) cosng + b H?) (k1 p) cos ngp} (5b)

ESID = Jno, / HJ’ (krp) cosnp + beT(LQ)I(kIp) cos ncp] (5¢)
1 = =[S [af ki) sinng + BEHD (krp)sinng] (50)
0

where J,,(+) and H,(f) (-) are n-th order of the Bessel function and the
second kind of Hankel function, respectively. From Egs. (5a)—(5d),
one can observe that the expansion vectors a”, a®’ and b”, b could
be viewed as the incident and scattering field respectively, for either
TM or TE waves. On the other hand, in region II, the corresponding
electric and magnetic fields are expressed as [12]:

B [ 1 1 R.
{Hz}_[jml —jnclH—Lz] (6)
5L ][]
Hy gt =inet 1| koL,

where 0, is the partial derivative with the radius p and the chiral wave
impedance 7. is defined as

Ne = \//1’7“/57‘7)0
e

In Egs. (6) and (7), the auxiliary functions R, and L, satisfy 2D
Helmholtz equation and are pertaining to the right and left circular
polarized waves, respectively. Since there is no irregular inclusions in
region II; R, and L, are expanded with the Bessel functions as

(8)

R. = Y alln(krp)e’™? (9)
L. = Y aJu(kLp)e’™ (10)

n=—oo
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where coefficient vector a* and a’ represent the corresponding right
and left circular polarized waves, respectively. Substituting (9) and
(10) into (6) and (7), we could express the relavant field components
in region II as:

o0

EN — ; [aﬁJn(kRp)ejW—aTLLJn(kLp)ejW] (11a)

Y =t Y [l +akupen] ()

B = = 3 [ ken) 4 el ] (10
=

1l = 3 (ol T k)™ + oG] (114)

The objective in this section is to derive T-matrix relating outward
waves b” and b to inward excitations a” and a'! as

bE ee Teh (I,E
[bH]:[The Thh][aH} (12)
where the matrices T, T" are the T-matrices for co-polarization
components while T" T"¢ represent the cross-polarization effects of
the chiral medium. Obviously, T" and T"¢ should vanish in case of
the isotropic-filled channels. Here, we enforce the continuous boundary

conditions of the tangential electric and magnetic fields on p = a as
following:

11 E; ¢el0,7]
B = { 0 o€ |m2r] (132)
m_ [ EL ¢el0n]
2 ={ o7 Ll (120)
HI' = H! ¢elon] (13c)
HI' = HL ¢el0,n] (13d)

Substituting (5a—d) and (11la-d) into (13a-d), yield

j Ne [al J, (kra) sin np+

f: anJn(kra)e™ — | Z[ £ ) . p € [0,7]
al J,(kpa)e’™? o1 Loy Hy (kra) sinng

o 0 @ € [, 27|

(14a)
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o [T all J!( kzm) cos np—+
i aﬁ]&(kRa)e]mp_i_ _ bHH k[a) cos
Wm0l an Ty (kra)e’™? o [0,
0 o € [m, 2n]
(14b)
Q R n Ng H .
- ay Jn(kgra)el™?+ a,! Jn(kra) cos np+
‘m‘:lzl Ly (kra)ein® :ZlH (2) ¢ € [0,7]
n=—ql n(kpa)e o Lbn Hy ' (kra) cosny
(14c)

\/HNE alJl( kja)sinmp+
al n
na ! Z l nJh(kra)e’ @_1: bEH (kra)sinne

alJ! (kpa)el™? ¢ €0, ]
0 @ € [m, 27|

(14d)
Notice that the infinite coefficient vectors a?(b%), a® (b"), and
aR(aL) have been truncated into finite vectors with Ng, Ny + 1
and 2Q + 1 elements, respectively. By multiplying both sides of
Egs. (14a) and (14b) with e ™% and integrating ¢ in [0, 27]; and
similarly, multiplying Eq. (14¢) with cosme, Eq. (14d) with sinme,
and integrating ¢ in [0, 7r|; then we have

Jra® — Jpal = Jra® + Hb" (15a)
Jra + Jrat = Jhal + H Y (15b)
JGal' + JGal = J¥a! + HF b (15¢)
Jyal — Jial = J7a® + HbP (15d)

The elements of matrices in (15a-d) could be evaluated analytically
and listed in the Appendix. Egs. (15a—d) is further written as following

equations:
Jr —Jp[a®] [H; 0 b” LI 0 af
o Jl al | T | 0 H b 0 J7||a
(16)
Ji —Jil[ef ] _[HF o |[b" A [aE}
JS J¢ |lat ] | 0o Hf || bH 0 JS || a”
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From Egs. (12), (16) and (17), yields
e 7] _([HY 0 ] [J% I3 {JR —JL]_I{III 0 ] -
The Thh 0 HY| |J§ J¢ |[Jr JL 0 Hj
Jp =J2 | [Jr —JL] ' [Jr 07 [JF 0 (18)
J¢ JS IR JL 0Jr) |0 Jf

It is worth to note that the matrices T, T T"e, T" are Ny x
Ng, Ng X (NH + 1), (NH + 1) X Ng, (NH + 1) X (NH + 1) matrices,
respectively. The parameters Ng, Ng, @@ should be selected carefully
to get the convergence of final RCS calculation. In our simulation, we
chose Ng, Ny, @ related to the geometrical and electrical parameters
as Np ~ Ny ~ Q ~ (1.5 ~ 2.0)kga.

3. MULTIPLE SCATTERING FROM PARALLEL
CHIRAL-FILLED CHANNELS

To consider the multiple scattering between parallel channels using the

T-matrix derived above, a new set of addition theorems in half space
could be derived [9] as follows:

@ (klp— pj\)sinmw =

Z In—m(kpji) = (=1)" Jptm(kpji)] H(”(HP‘p-DSinTLW'
ot COSHQOJZ COS MYy " ' '
P = pil > pji
Z { { n—m(kpji)—(—1) Hn+m(kpﬂ)] }Jn(k]p—pi])sinn%‘
n=1  cosngj; cos mej; | |
P — Pil < pji
(19)

HD (klp — py) cos mp; =
i 2—dno { [Jn—m(kpji)+(_1)mJn+m(kpji)]

HP (k|p—p; .
2 COS Npj; COS MPjj } w7 (k| p—p;]) cosnp;

P — pil > pji

% o (2) - mpy(2) y
Z 2 5n0 { [anm(kpﬂ) ( 1) Hn+m(kpjl)} }Jn(k’p_pz‘) COS NY;
n=0 2 COS N j; COS MY 5

n=0

P — pil < pji
(20)
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Jm(k|P - pj|)Sinm<pj =
o ) n-m(kpji) = (=) Tnsm (kpji
Z{[ (kpsi) = (=1)™ Jnsm(kpji)]

COS NP j; COS MPj; }Jn( lp — p;|)sinnp;  (21)

n=1
Im(k|p — pjl) cosmep; =

i 2—0n0 { [Jn—m(kpji) +(=1)" Jnym(kpji)]

Jn(k|p—p; ,
2 COS NP;ji COS MPji } (klp—p;|) cos nep;

(22)

n=0

The geometric meaning of the parameters in (19)—(22) is shown in
Fig. 2. It should stress that ¢;; = arg(p; — p;) which means if p; lies
on the right of p;, then ¢;; = 0 while p; lies on the left of p;, @j; = .

Figure 2. Coordinate system transform in two semicircular channels.

We assume that there are totally M channels and for each channel,
the scattering field in its local coordinates are represented as biE and

bfl ,1=1,2,..., M. Then we have following equations:

M M

bf =T | Bflag + > afiby | +T5"| Bliag’ + 3 alibf | (23)
j=1 J=1
J#i JFi
M M

h hh

bl = T}| Bisag + Y_ afiby | +T"| Bal’ + > aflbf | (24)

j=1 j=1

J#

JFi

where T??| p, q¢ = e, h are sub-matrices of the T-matrix of ¢-th channel;
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the matrix 8L, p = E, H denotes the transform of incident wave from
global origin to the center of i-th channel, whose elements are evaluated
as:

Jm—'r;(kIlo’L)_ cos NP COS megi
(=) Trsn(krp;)

mn=12... p=F

2 — 0mo | Jm—n(krpi)+
2 [(_1)nJm+n(k1Pi)
m,n=20,1,... p=H

fo(m,n) = (25)

COS NPj; COS MPj;

and the matrix afj, p = E, H stands for the transform of the scattering
wave in j-th channel to the incident wave in i-th channel, and its
elements are obtained by

{ HY  (krpij)—
n (2
(=) H2) (ki)
mn=12,... p=F
2 - 5m0 [Hg)—n(k[pw)—i_
n (2
2 |0 ER (kipi)
m,n=0,1,... p=H

] COS W5 COS MNP 4

ol (m,n) = (26)

COS NP5 COSTNWYy;

In (23) and (24), a} and af! stand for the incident TM and TE waves
in global coordinate systems. The holding of the Eqs. (23) and (24)
is due to the fact that for the i-th channel, the illuminating sources
consist of both TM and TE waves and for each polarization, it contains
both the incident waves outside of all channels and the scattering waves
from other channels.

Combining all the equations (23) and (24) for all channels, we

have
E EE EH ] E E E E
- E AR ] e

The combined matrices involved in Eq. (27) are listed as

p - ap p P
by 10 0 Q. Oy
b e o? 0 e ab
bp _ ‘2 /@}17 _ ?0 ap — 21 2M
D P p
bpM L P o Aprp Oy o 0

(28)
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where p = F for TM or TE waves and

T 0 - 0
0o T .- 0

M=\ 7! | pa=eh PQ=EH (29
0 0o - TH

The unknowns b and b in Eq. (27) could be solved directly and
expressed as:

bE TEE TEH|[oE o 1) ‘[TFE TFH B¢ 0 |[al

(30)
Therefore, the scattering field could be obtained readily as

M Ng
ZZbE VH?) (kr|p — p;]) sin ne; (31a)
i=1n=1
M Ny
=Y S b () HP (krlp — pil) cos ng; (31Db)
i=1n=1

Using the large argument approximation of the Hankel functions, the
co-polarization echo width of parallel channels is expressed as:
2

4
o Zeﬂk‘”ws‘pz{) n)j" sinne
I
EE _
oPE(p) ,qu (32)
2
4
o ZeJkP’COW ZbH n)j" cosny
1
HH
o = 32b
® o (320)
The cross-polarization echo width is defined as
2
4
o ZeJkPICOWZb n)j" sin ng
I
EH
o = 32¢
(@) ,mHW‘ (320)
4 | & ’
o Z elkpicosy Z bH (n)j™ cos ng
7|4
oM (p) = —= - (320)

| Bine /|
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where n; = \/p1 /1m0, is the wave impedance in region I.

4. NUMERICAL RESULTS AND DISCUSSIONS

To validate the method proposed, all the results in [3] have been
reproduced for a single dielectric-filled semicircular channel in case
of either TM or TE waves. For the chiral-filled channels, however, to
the best of our knowledge, there are no publications to compare with.
Therefore, the tangential field components, as shown in Fig. 3, are
carefully checked on the boundary of a chiral-filled channel. In this
example, a TE polarized wave incident from 45° upon a channel with
radius a = 2.0\. From Fig. 3(a), it can be seen that the boundary
conditions are satisfied very well except the points near ¢ = 0°(360°)
or ¢ = 180°. Fig. 3(b) gives the relative discrepancy of electric fields
along the boundary. Again, the greater discrepancy occurs at the
tips of the channel. The ripples of electric fields in [0, 7] could be
explained as the Gibbs phenomenon in Fourier transform due to the
“sharp jumps” of E, and E, along the boundary at the tips. From
the equivalent principle, RCS is an average integration of tangential
field components. Therefore, the discrepancies between internal and
external field components in these tips do not introduce great errors
in RCS calculations.

The backscattering from two channels versus the channel radius
is shown in Fig. 4. Obviously, the present method agrees very well
with the radial mode matching method used in Ref. [8]. This further
verified the proposed algorithm.

Fig. 5 gives a schematic illustration of two chiral-filled channels.
The discussions of following examples will based on the geometric and
electrical parameters shown in Fig. 5. Fig. 6 provides the bistatic co-
polarization and cross-polarization scattering from two chiral channels
for either TM or TE waves with the incident angle 45°. It can be seen
that in this case, the cross-polarization components are stronger than
the co-polarization counterparts in some scattering directions. Fig. 7
studies the backscattering versus the separation of two chiral-filled
channels. Obviously, scattering amplitudes vary almost periodically
with the increase of the separation for each polarization. Finally, we
investigate the impact of the chirality admittance on the backscattering
of two channels in Fig. 8. It can be seen that the increase of chirality
admittance does not inevitably increase the cross-polarization coupling
of the channels. Another observation is that for either TM or TE waves,
the cross-polarization is quite sensitive to the chirality admittance.
This means the slight variation of the chirality could greatly change
the scattering pattern of the cross-polarized waves. To the best of
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Figure 3. (a) Real and imaginary parts of external or internal
tangential field components on the boundary of a semicircular channel
filled with a chiral medium in case of TE wave incidence from angle 45°.

(b) The relative discrepancy R(p) = % between external

and internal electrical fields (a = 2.0\, u, = 1.0, &, = 2.0, {& =
0.002).
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Figure 4. Comparison of the present method with reference [8]
(Fig. 2) for backscattering from two dielectric-filled semicircular
channels.
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Figure 5. Two parallel chiral-filled semicircular channels.
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Figure 6. Co-polar and cross-polar bistatic scattering from two
semicircular channels filled with different chiral media. (e; = g3 =
2.0, &1 =0.005, & =0.002, d =2.0\, a1 = az = 0.8)\, p; = 45°)
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Figure 7. Backscattering versus the separations of two channels filled

with chiral medium. (g1

0.8), ¢; = 90°)
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Figure 8. Backscattering versus the chirality admittance of two chiral-
filled channels. (g1 = g2 = 3.0, d = 2.0\, a1 = ag = 0.7\, ¢; = 90°)
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our knowledge, this phenomenon has not been reported before. This
sensitivity will surely have some influences on the design of devices
containing chiral materials.

5. CONCLUSION

A novel approach is proposed in this paper to simulate the multiple
scattering from parallel chiral-filled semicircular channels. In our
approach, the T-matrix of a single chiral-filled channel is first derived
and then addition theorems in half space are used to take account of the
multiple scattering effects among parallel channels. The introduction
of T-matrix for chiral-filled channels greatly simplifies the analysis
procedure. The effectiveness is validated by either comparing with
previous publications or testing the boundary conditions. The impacts
of geometric and electrical parameters on the scattering properties of
chiral channels are discussed.

APPENDIX A.

For the completeness of the paper, the matrices in (15a—d) and its
index range are listed below:

Jr(m,n) = 2nJy(kra)dm, —Q <m, n<Q (A1)
Jrm,n) = 2nJ,(kra)dpmn, —Q <m, n<Q (A2)
Jr(m,n) = Jn(kra)fs(m,n) —Q<m<Q, 1<n<Ng (A3)
Hi(m,n) = H?(kra)fs(m,n) —Q<m<Q,1<n<Ng (Ad)
Jr(m,n) = 2nJ) (kra)dmn —Q <m, n<Q (A5)
Jr(m,n) = 2nJ (kpa)dmn, —Q<m, n<Q (A6)
Tilmn) = 2\ 2T (kna) feln,n) ~Q<m<Q 0<n< Ny
1

(AT)
Himn) = [P (o) fo(m,n) ~Q<m<Q. 0<n < Ny
(A8)

JG(m,n) = jn. ' Jn(kra)fe(-n,m) 0<m < Ny, —Q<n<Q
(A9)

JE(m,n) = jn;  (kra) fo(=n,m) 0<m < Np, -Q<n<Q
(A10)

JS(m,n) = Ju(kra)gc(m,n) 0<m, n< Ny (A11)
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HY(m,n) = H®(kra)gc(m,n) 0<m, n<Ng (A12)
Th(m,n) = 07" T, (kga) fs(—n,m) 1<m < Np, —-Q<n<Q
(A13)
Ji(m,n) = 0ot Jy(kpa)fs(—n,m) 1<m < Np, —Q<n<Q
(A14)
J{(m,n) = nyt, /8—1J7’1(k1a)g5(m,n) 1<m, n<Ng (A15)
M1

€1

H{(m,n) = gt/ =HP (kra)gs(m,n) 1<m, n<Ng  (Al6)

n

M1

where 9,5, is the Kronecker’s delta and the functions fs, fo, gs, 9¢
are defined as:

fs(m,n) = /07r e 7™M sin npdyp (A17)
fo(m,n) = /07r eI cos nipdyp (A18)
gs(m,n) = /07r sin m sin npdp (A19)
go(m,n) = /07r cos M cos ndp (A20)
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