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Abstract—To characterize electromagnetic waves in complex media
has been an important topic because of its useful applications and
scientific significance of its physical mechanism. Dyadic Green’s
functions, as a mathematical kernel or a dielectric medium response,
relate directly the radiated electromagnetic fields and the source
distribution. In terms of the vector wave functions in cylindrical
coordinates, dyadic Green’s functions in a unbounded and a planar,
multilayered gyroelectric chiral media are formulated. By use of the
scattering superposition principle and taking the multiple reflections
into account, a general representation of the Green’s dyadics is
obtained. Furthermore, the scattering coefficients of the Green’s
dyadics are determined from the boundary conditions at each interface
and are expressed in a greatly compact form of recurrence matrices. In
the formulation of the Green’s dyadics and their scattering coefficients,
three cases are considered, i.e., the current source is impressed in (1)
the first, (2) the intermediate, and (3) the last regions, respectively.
Although the dyadic Green’s functions for a unbounded gyroelectric
chiral medium has been reported in the literature, some of the results
are incorrect. As compared to the existing results, the current work
basically contributes (1) a correct form of dyadic Green’s function for a
unbounded gyroelectric chiral medium, (2) the general representation
of the dyadic Green’s functions for a multi-layered gyroelectric chiral
medium, and (3) a convincible and direct derivation of the irrotational
Green’s dyadic.
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1. INTRODUCTION

Dyadic Green’s functions (DGFs) [1], as a mathematical kernel
or a dielectric medium response, relate directly the radiated
electromagnetic fields and the source distribution. Nowadays, the
dyadic Green’s function technique has been an important method
employed [2] elsewhere for boundary value problems, such as in
Method of Moments and Boundary Element Method. In formulating
the DGFs, there are usually two approaches, one is the Fourier
transform technique and the other is the vector wave function
expansion technique. The former looks simpler and is efficient for
the Cartesian coordinates [3]; but it may not be applicable in all
the nine fundamental coordinate systems. The latter provides a
systematic approach in electromagnetic theory for interpreting various
electromagnetic representations [4]; most importantly, it is applicable
in almost all the nine fundamental coordinate systems. Even in
the planar structure to be considered in detail in this paper, the
eigenfunction expansion technique can provide an explicit form of
the dyadic Green’s functions in cylindrical Bessel functions, so that
it becomes easy and convenient when the source distribution is
independent from the azimuth directions or when the far-zone fields
are computed.



Dyadic Green’s functions in chiral media 55

Looking backwards, we can easily find that the dyadic Green’s
functions in isotropic media have been well-documented by Tai [1],
Collin [2], Chew [5], Cavalcante [6], Pathak [7], Pearson [8], Li et
al. [9-16] using the vector wave functions. For anisotropic media,
Kong [17, 18], Ali and Mahmoud [19], Lee and Kong [20-22], Krowne
[23, 24], Monzon [25], Oldano [26], Habashy et al. [27], Kaklamani
and Uzunogla [28], Ren [29], Weiglhofer and Lindell [30], Lindell [31],
and Cheng and Ren [32] have derived various formulas of dyadic
Green’s functions using (1) the Fourier transform technique, (2) the
method of angular spectrum expansion, and (3) the transmission
matrix method. As for gyroelectric media, the DGFs and fields
have also been formulated by Uzunoglu et al. [33], Barkeshli [34, 35],
Weiglhofer [36], and Cheng [37, 38]. This paper will consider a more
general case where (1) each layer can be a gyroelectric chiral medium,
(2) an arbitrarily-multiple stratified medium is considered, and (3)
either the transmitter or the receiver can be located in any region of
the layered structure. Although some results for bianisotropic media
are available nowadays, but are basically limited to unbounded media
only. So they cannot be directly employed here.

As the eigenfunction expansion technique will be used in the
formulation of dyadic Green’s functions for a unbounded and a multi-
layered gyroelectric chiral media, some ideas introduced in [14, 39]
will be used in this paper and will be generalized in most cases.
Although the result for a unbounded gyroelectric chiral medium has
been published by Cheng [38], it is realized [40] that both the idea
introduced there and the result obtained inside in [38] are not correct.
Although Cheng [32, 41-45] developed the dyadic Green’s functions for
a bit more general class of media, some of the results published there
are, however, in certain senses that (1) the irrotational DGF was not
obtained, (2) there was a very obvious mistake of wrong eigenvalues
obtained at the beginning in [41] so that subsequent problem may raise,
and (3) all the work in [32, 41-45] started with the Fourier transform;
and the Green’s dyadics in vector wave function forms are indirectly
obtained from the transformation in terms of the plane-wave expression
to cylindrical-wave expansion or spherical-wave expansion. In this
paper, we propose a direct formulation of the vector wave functions.
Therefore, we intend to derive a completely new set of formulas for
the representations of the dyadic Green’s functions. Furthermore, a
more generalized case, i.e., the planar-multilayered structure, will be
considered in the formulation as well.

This paper is organized as follows. In Section 2, the eigenfunction
expansion of the dyadic Greens’ functions in cylindrical coordinates
is proposed for the unbounded gyroelectric chiral medium. New
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formulas of the DGF's including the irrotational part are found using
the direct expansion of vector wave functions and, at the mean time
some mistakes occurring in the publications are pointed out. To
include the effects of the multiple interfaces, the principle of scattering
superposition is use in Section 3 to obtain the scattering dyadic Greens’
functions. As expected, various wave modes, such as direct waves and
multiple reflected waves (associated with the planar interfaces) that
propagate in different wave numbers, are included in the formulation.
In Section 4, By evaluating the scattering dyadics with , the scattering
coefficients of the dyadic Green’s functions are obtained using the
boundary conditions on each planar interfaces and represented by a
set of recurrence matrices. In the derivation of these coefficients, three
cases, that is, sources located in the first, the intermediate and the last
layers, are considered. The results for the multilayered gyroelectric
chiral medium can be proved to be reducible to, but do not resemble,
those of the multilayered isotropic medium. Throughout the paper, a

time dependence e~™! is always suppressed.

2. GENERAL FORMULATION FOR UNBOUNDED
GYROELECTRIC CHIRAL MEDIUM

A homogeneous gyroelectric chiral medium can be characterized by a
set of constitutive relations [38] for the time harmonic excitation,

D = € -E+i.B, (1a)
H = i E+ B/pu, (1b)
where
e —ig O
e=|ig € 0 |. (2)
0 0 e,

This relation has been widely used in the previously published work
such as those in [33], [34, 35], [36], and [37, 38]. Experimentally, there
might be a problem of fabricating some materials of the constitutive
relations for generalized bianisotropy. However, it does not mean it
may not be produced for ever. Also, theoretical physics sometimes
goes ahead, relative to the experimental physics. In this work, we just
concentrate on the previously used material for our discussion.

Substituting (1a) and (1b) into the source incorporated Maxwell’s
equations leads to

V x V x E — 2wtV x E— e E = iwpd. (3)



Dyadic Green’s functions in chiral media 57

2.1. General Formulation of DGF's

The electric field can thus be expressed in terms of the DGF and electric
source distribution as follows:

E(r) =iwp | Ge(r,r) - J(r')aV’, (4)
V/
where V' denotes the volume occupied by the exciting current source.
Again, substituting (4) into (3) leads to

V XV x Ge(r,7) — 2w,V X Go(r,7) — i€ Ge(r, v ) =15 (r — 1),

()
where I and §(r — 7/) denotes the unit dyadic and Dirac § function,
respectively.

To formulate the dyadic Green’s functions, we basically use the
Ohm-Rayleigh method and the vector wave function expansion. For
completeness and self-contained content of the discussion, we still
follow the standard procedure given by Tai [1] in the first a few steps.
However, the latter part of the discussion in this section can never be
found in the existing work elsewhere.

According to the well-known Ohm-Rayleigh method, the source
term in (5) can be expanded in terms of the solenoidal and non-
solenoidal cylindrical vector wave functions in cylindrical coordinate
system. Thus, we have

(r—1) = /OOOdA/O;dh S [Moa(h) A (1)

n=—oo

+ Nn)\(h)Bn(hv )‘) + Ln(h7 A)Cn(hv A)] ) (6)

where M, (h,\) & N,(h,\) are the solenoidal, and L, (h) is the
irrotational, cylindrical vector wave functions while A and h are the
spectral longitudinal and radial wave numbers, respectively. The
solenoidal and non-solenoidal cylindrical vector wave functions are

defined as [38]

M, (h,\) = V x[U,(h,N)zZ], (7a)

No(h,\) = kivXMn(h,A), (7h)
A

Lo(h ) = W [Un(h\)], (7¢)

where ky = VA2 + h?, and the generating function is given by
U (h, ) = Ju(Ap)e’OHR2), (8)



58 Li et al.

The vector expansion coefficients A, (h,\), By (h, ), and C,(h,\) in
(6) are to be determined from the orthogonality relationships among
the cylindrical vector wave functions given by:

2 00 0o
/ dqb/ ,Od,O/ dz My (h, A) - an’(_h/v_)‘/)
0 0 —00

21 0o 00
_ / do / pdp / dz Noy(h, A) - Ny (=1, =)
0 0 —00
= 47NN = N)S(h — W), (9a)

2 oo 0o
/ d¢/ pdp/ dz L”(h’ >‘) : Lfn’(_hlv _X)
0 0 —00

(A2 4+ h?)

— Ar?
TN

S =XN)o(h — h')6pp, (9b)
and
2 00 e’}
/ do / pdp / dz My (h, ) - Ny (—h', X))
0 0 —o0
2m o'} 00
- / d¢/ ,Od,O/ dz Nn(h’ >‘) : Lfn’(_hla _)‘,)
0 0 —00
2m [e'¢) 00
- / d¢/ pdﬂ/ dz L”(h7 )‘) ’ M—n’(_h/’ _)‘/)
0 0 —o0
= 0. (9¢)
Therefore, by taking the scalar product of (6) with M_,/(—h',—X'),

N_,(=h,=XN) and L_,,(—h',—)X) each at a time, the vector
expansion coefficients are given by:

1
An(h’)\) = 47T2AM/—n(_h7_)‘)a (103“)
1
Bn(h’ )‘) 47T2)\N,—n(_h7 _)‘)7 (10b)
ColhN) = L (—hN), (10¢)

Am2(N2 + h2)

where the prime notation of the cylindrical vector wave functions
denotes the evaluation at the source 7.

So far, we have provided the fundamental formulation. From now
on, we will discuss the formulation of the dyadic Green’s functions in
a different way from those in the literature such as in [38].
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In a similar fashion to the dyadic form of the identity matrix, the
dyadic Green’s function can thus be expanded as follows:

Go(r,7) = / d)\/ dh Z (B, A) an(hy )

n=—oo

’I’L(h’7)\) bn(hv)‘) +Ln(h7 >\) CTL(h’7 A):I ’ (11)

where the vector expansion coefficients a,(h, A), b, (h,\) and ¢, (h, \)
are unknown vectors to be determined from the orthogonality and
permittivity tensor properties.

To obtain these unknown vectors, we substitute (11) and (6) into
(5) which the dyadic Green’s function must satisfy. Noting the instinct
properties of the vector wave functions,

V X No(h,A) = kyM,(h,A), (12a)
V x My(h,\) = kxNyp(h,\), (12b)
V x L,(h,\) = 0, (12¢)

we can then end up with

/d)\/ dhz KT — w?yie|

M (h, A)an<£7A)OO+N (hy \)bu (B, )]
—2kwpe [No(hy Nan (b, A) + My (h, Ny (h, )]

—w? i€ - L(h, Nea(h, A}

= / d)\/ dh Z W(hy M)A (RN

n=—oo

+ Ny (B, \) By (h, A) 4 Ly, (hy, \)Cr (R, N)] . (13)

By taking respectively the anterior scalar product of (13) with the
vector wave equations and performing the integration over the entire
space, we can formulate the equations obtained in a matrix form as
given below:

[Q[X] = [6], (14)
where [Q] is a 3x3 coefficient matrix given by
k3 — w?pe —wp (2561@ +wgil)
Q) = | —on ek +ogls) B - SR+ Ve

. A2 h)\
—iw g — - wu(e — ;)
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iw?pg
Plule—e) |, (15a)

—“’k—;‘ (A€ + hZ¢,)

and [X] and [©] are known and parameter column vectors given,
respectively, by

an(h7 )\) A (h, /\)
(X] = | bu(h,A) |, and [6] = | Bu(h, ) (15b)
cnlhi \) Culho )
Solving (14), we have the solutions for a,(h,\), b,(h,A) and ¢, (h, \)

as

an(h,\) = %[alAn(h,A)+ﬁan(h,)\)+71Cn(h,>\)], (16a)
bo(h,\) = %[agAn(hJ\)+52Bn(h,)\)+720n(h,)\)], (16D)
en(h\) = %[agAn(h,)\)+ﬂ3Bn(h,)\)+’ngn(h,)\)], (16¢)
where
D= K(h% +eN?) — pw? [2h2ee. — N(g? — € — ec.)

+ 4% (h%e, + e/\Q)} —dghe 2w + e pwt (€2 — g?) (17)

and the coupling coefficients are

a1 = hle, + N%e — W pee., (18a)
B = ag = (Z_“ (ghe.w + 26.(h2e. + X?)] (18b)
A
k3 2 _ 2
n =33 Aoz =i {2w,uh§c(e —€)+glky —w uez)} , (18¢)
1
By = 2 [(l{:i — wiue)(h?e, + Ne) + w2,ug2)\2} , (18d)
A
k3 1 2 2
vy = _ﬁﬁ;; = Zk:_,\ [h(k)\ pwe) (e — €;) + wug(2k3ée + ghw}, (18e)
1
V3 = w—%{—kﬁ‘\ + w?p [2h26 + A% (e+e) + 4k§u§f}

+4ghépw® + ; [hZ( — 2)—eezﬂ}, (18f)
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Now, it is clear that physically, both the coupling of the TE and
TM waves and the coupling of the non-solenoidal and solenoidal wave
functions are present. Mathematically, the presence of these couplings
are actually due to the lack of orthogonalities when a permittivity
tensor € is inserted into the middle of the vector wave functions M and
N in a form of scalar-product. In [38], this lack of the orthogonalities
is ignored so that the solutions obtained are actually incorrect.

It should be noted that substituting (11) and (6) into (5) gives
(16) after complicated mathematical manipulations. This substitution
is based upon the condition that one can interchange the summation on
n and the integrals on h and A. This condition can be justified because
the terms in the square brackets of (6) and (11) are continuous with
respect to h and A, simultaneously.

Hence, the unbounded dyadic Green’s function can be written as

Goiray = [ an [ S L .
Go(r,r)—/oodh/o dkn:z_:oo‘hmf M, (h,\) [ar M’ (=h,—)\)

2

A
+ ﬂlN/—n(_h7 _)‘)_}'p’yll’/—n(_h’ _A)]
A

Nn(hv )‘) [ﬁan(_hv _>\)

)\2
+ BoIN_p(=h, —A) + FVzL_n(—fh —/\)]
A

)\2
+k_2Ln(h7 )\) [_'YIM—n(_}% _/\)
A

- 72an(_ha_/\) +'73Ln(_h>_)‘)]}' (19)

In this way, the dyadic Green’s function in a unbounded
gyroelectric chiral medium has been explicitly represented so far in the
form of the eigenfunction expansion in terms of the cylindrical vector
wave functions, as given in (19). Comparing this form with that in
[38], we immediately realize that the mutual coupling of the vector
wave functions are, although exists, not included in the formulation of
the unbounded DGF in [38]. This is a serious mistake and the further
consideration in [38] will no longer meaningful.

The comparison can also be made between the results here and
the formulas of DGFs published in [32, 41-45]. It is found that the
form of DGF here is quite similar to those of DGFs in [32, 41-45].
However, they are quite different because the form of DGFs given in
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[32, 41-45] is the one after the integration with respect to h, but the
current form here is not.

Certainly, the expression of the DGF, as shown above, is a form
in a pre-integration domain. To actually make use of it for practical
problems, we need to integrate the DGF in the pre-integration domain
using the contour integration. In order to apply the residue theorem

o (19), however, we must first extract the part in (19) which does not
satisfy the Jordan lemma [1]. To do so, we write

L,(h,)) = Lp(h,A\) 4 Lp.(h,\), (20a)
L' (~h,-\) = L (~h,-\)+L, (~h,—)\), (20b)
Ny, (h,\) = Npi(h,\) + Ny, (h,N), (20c¢)
N (- ) = N, (=h,—\)+N", (=h,—X), (20d)

where the subscript ¢ and z denote respectively the transverse vector
components and the z-vector components of the two functions L, (h, \)
and Ny, (h, \).

In terms of these functions, (19) can be rewritten in the form

Go(r,7) / dh/ dA Z 4W2Ar
X {(h2ez + Me — wpee, )My, (h, \YM'_,,(—h, =)

k
+22 [g(uﬂuez — 2+ 2hezwu§c} [M,,(h, \)

h
N,—nt( h’ *)‘) + Nnt(h )‘) M’ (*ha *)‘)]
+k/\(gh + 260)#5«:) [ (h‘ )‘)N/—nz( hv _)‘)
k3
+ Npz(h, VM, (—h,—X)] + e
X [Az(wQ;Le + 4w 122 — k3) + wpe, (k3 — 6w2,u)}
kS
XNnt(h’ )‘)N,—nt(_ha _>‘) + hwgu

X [h(ki — W?pe) — 22 (2hE. + gw)} [Nnt(h, A)
N, (=, =) + Nz (h, YN L (=h, —N)]

k2
w22

+4hw? 2o (hEe + gw) + w2 (g7 — €2)]

+ [—h2k3 + wpe(2h? + 2%)
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XNy, (h, YN, (- h,—/\)}, (21)
where we have expressed Lyi(h,A), Ly.(h,\), and their primed
functions in terms of Ny (h, ), Np.(h,\), and their corresponding
primed functions, namely

Lou(h,\) = _Zk*Nm(h,A), (22a)
(b= = "ANT(h ) (220)
and
Lo.(h,\) = Zf;’;“Nm(h ), (22¢)
L. (—h,—)) = *i’”;kANL (—h, =), (22d)

2.2. Analytical Evaluation Of The h Integral

In this section, we will analytically evaluate the h integrals for
the dyadic Green’s function arisen in (11). This effort is intended
to make the results applicable in solving the source-incorporated
boundary value problems of planar, multilayered structures consisting
of gyroelectric chiral media.

By applying the idea given by Tai [1] to obtain an exact expression
of the irrotational dyadic Green’s function, we have from (6)

2z6(r — ') /d)\/ dh Z 12)\];;N 2(h, )N, (=h, = )).

(23)
Thus the singular term of the unbounded DGF in (21) is contained in
the dyadic of N,,.(h, \YN'_, .(—h,=)\).
To simplify the expression in (17), we rewrite I' into the following
form in order to perform the h integration,

T = ph* + gh® + sh +t, (24)
where
p = &,
g = Nete) dewtu(2u 1 o),
s = —dgew’n’,
t = e+ A2 {92 —e(et+e+ 4u§f)] + whie, (2 — ¢%).
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With appropriate algebraic manipulation, we can split (21) into
o, o0 o =1 k3
Go(r,r') = — / dA / dh —
olr. ) 0 —c0 n:z_:oo A2\ w2 e, A2

0o o0 = 1
/ L -
Xan(ha )\)anz( h, A) + ,/() A /—00 " n:Z—OO AmA

1
X eth = h)(h — ha)(h — ha)(h — ha)

3
X {(h%z + X6 — wlpee, )M, (R, \)M'_, (—h, —\) + f
x |g(w?pe = N2) + 2he;wpte] (Mo (h, YNy (—h, =)

+ Noo(B VM, (=, =X)) + ka(gh + 2ewpé,)
X (Mn(h’ )‘)N/—nz(_h7 _)‘) + an(hv )‘)M,—n(_hv _)‘))
2

k
i, (NP 4P 1) + e (8~ )]

k2
/ A 2 2
X Naall NNy (=h, =) + 15 [k = w?pe)
= 2062060 + gw)| [Nt (b, AN, (=h, =)
k‘2
+ N (B ANy (—h, = 0] + 5 [e(kF — w?pi&e)

€ w2

+ "‘)2#(92 - 46#53)} an(h> )‘)N,—nz(_hv _)‘)}7 (25)

where h; (j = 1,2,3, and 4) is found by solving the fourth-order
polynomial equation I' = e,(h — h1)(h — h2)(h — h3)(h — hg) = 0.
The general solution of the equation can be obtained using the syntax,
Solve[p h"4 + q h"2 + s h + t == 0, h], in Mathematica package,
however, is too tedious to be shown here. An important point is that
I' = 0 gives four sets of solutions corresponding to four different waves
of wave numbers h; (i =1,2,3, and 4).
In view of (23), the first integration term in (25) is equal to

1

which is the contribution from the non-solenoidal vector wave
functions. This term of the DGF expressions was never been obtained
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in the existing publications such as [32, 41-45] where the irrotational
part of the DGF were all missing.

The second integration term can be evaluated by making
use of the residue theorem in h-plane (appendix). This term
contributes from the solenoidal vector wave functions. After some
mathematical manipulations for simplicity, hence, we arrived at the
final representation of the dyadic Green’s function for a unbounded
gyroelectric chiral medium. Since the integration has already been
carried out, it is thus suitable for further direct analysis of wave
characteristics in a planar, multilayered structure. For z > 2/, the
DGF is given by

_ 1 N
Go(R,R) = " e zz0(r —1')
. o) 2 i
7 o) 1)]+1
+— / d\
21 Jo n:Z_OO A(hy 321 h; — h3)(hj — hy)
/ k)\j / ki]
X § My \(hj) P, _\(=h;) + ZQn,)\(h‘j)M—n,—/\(_hj) + 12 e,

wlpe,

k2
X Un,)\(hj)NLnt,f)\(_hj) + N \ /\(h )N/nz,)\(_h’j)} : (27)

For z < 2/, only the portion of

Ly

Z (hj — h3)(hj — ha)

J:1

is replaced by

4 1)j+1
h3 — hy) 2:: h;)(he — hj)

The vector wave functions P, \(—h;), Q,(hj), Una(hj) and
Voa(hj), as defined above, are given respectively by

Loa(=hy) = (h2+ >\2 cw’)M", _\(—hy)

kxj |9
+6_J - (sz m—= )‘2)"‘262‘0#5(3 —nt A<_hj)
z J

(gh + 2e w:u"gc) —nz —)\(_h‘j)7 (288‘)
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Qn,A(hj) = [%(QWQN - )‘2) + 26, wpée Nnt,)\(hj)

+(ghj + 2€wM€C)an,)\(hj)v (28b)

<

U a(hj) = [(k = ew?p) (e’ = X2) + AN u2€2| Noa(hy)
[ (K — €)= 202 12 (26t 9w) | N (), (280)

23 1€,
Vir(hj) = [(kij —ew?p) — —,— (2hjke+ gw) | Nuia(hy)
J
1
+— (€03 — ew?sn) + wp(g® — depe?)| Nooa(hy). (284)

So far, we have obtained a complete representation of the dyadic
Green’s function for a unbounded gyroelectric chiral medium. It is
observed that (1) the dyadic Green’s function contains a singularity
term which is contributed by the solenoidal vector wave function and
is reducible to those of anisotropic media and isotropic media, (2)
regardless of source and field positions, the Green’s function consists
of two different wave modes denoted respectively by two wave numbers,
and (3) there exist no pure TE or TM modes in the unbounded
gyroelectric chiral medium and the coupling between each other is
present.

It is claimed that the form of dyadic Green’s functions in terms
of vector wave eigenfunctions are obtained for the first time, and have
never been given elsewhere in the publications. Although the results
for the same problem were published in the aforementioned literature
[38], they have been proved in [40] to be incorrect. It is believed that
the current formulation gives the correct answer. After the integration
with respect to h, the current form is also found to be quite different
from the results given in [32, 41-45]. The current form is believed to
be more reasonable since firstly we have extracted the singular term
(of the representation of the dyadic Green’s functions) which does not
satisfy the Jordan lemma [1] and secondly we have considered all the
possible modes and possible couplings in the formulation.

3. GENERAL FORMULATION FOR PLANAR,
LAYERED GYROELECTRIC CHIRAL MEDIA

The motivation of this paper is not just restricted to the above
discussion. Furthermore, we would extend our theoretical analysis
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1 (W, €,8)
2 (u, £ §)
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(u,.€,8) vH“ PointF S
Field [} :
f 7.\Point vH“Z f
zZ ” .
& 1
N-_l Y vHNrIPJ— 1
(W, €, &) X’/ N

Figure 1. Geometry of a multilayered stratified gyroelectric chiral
medium.

to the multilayered planar structure where the number of multiple
layers is arbitrary, the location of either the source or the field is also
arbitrary, and each layer can be a gyroelectric chiral, an anisotropic
(& = 0), a chiral (¢ = 0 and € = ¢;), or just simply an isotropic
medium ({, =0, g =0, and € = ¢,), as shown in Fig. 1.

To take the dielectric parameters into account, we consider the
permittivity tensor given by

el z'gf 0
=1 —igf & 0|,

0 0
and correspondingly the chiral parameter &/ for the layer f. Thus, the
relation governing the wavenumber and eigenvalues is now re-written
as

k[ = /A2 + (h)2.

3.1. Scattering Dyadic Green’s Functions

Based on the principle of scattering superposition, we have

G (r,7) = Go(r, 753 + G (1), (29)
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where the representation of the scattered dyadic Green’s function is

given by

ya, 0)

Considering the representations of each term, we realized that it is
better to combine two terms as follows:

and

— ]
G / dA Z hls - h2s)
2
2

7 1

1
o

1—- 5}V)Mn,)\<h;)

x 51 A{;]P'_n =B+ (1= 0B},

kxjs
P a(= )|+ (1= 08)222Q, 5 (h])

zS

X
(1) Afs M, \(—h$) + (1 - 5N)BL

) k3
X M/—n,—)\(_hj-&-?)} + (1 —dy )WUM(@

X [(1= 8 ANy A(=h5) + (1 = 6Y) Bf;
k3,
X N A(=h50)] + (1 5f)mvnv\(h£)

(1= G ALN' e A=)+ (1= 6))BY,
X lenz,f/\(_h?-ﬁﬂ)} } ’ (31)

1

S i [ >
— S
G3 + G4 o A nzz_oo )\(hgs _ h45)

4

1

; (h1s — hyjs)(has — hys) {(1 — 63 ) My A (R])
[ 1-

x P'_

0N AL P A(—h5 o) + (1 - 6X) By,

)]+ =g, )

— 60 AL M A(=h_p) + (1 ) BE;
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k3 f
x M'_, _x\(—hj )} (1-of )wUnA(h]‘)
zs oslljg

X [(1 - 5;)A5?N/—nt,—/\(_h§72) +(1— 55)31]2

k2.
/ N Ajs f
x N _m,_A(_h;)] + (1o} )Tw%s Vaa(hl)

< [(1= S AL N e () + (1= 6)) B,
X N'_pea(—h3)] ) (32)

The combination of the two terms for the above two equations is due
to the fact that each term has a static contribution to the dyadic
Green’s function because of the integration associated with the pole
point A = 0. It is also due to the fact that the two terms have the
same wave modes (please refer to the derived wave numbers in the
expressions). It is actually realized that the combination of the two
terms leads to a cancellation of the static waves. To avoid introducing
more intermediates, therefore, we did no write each term G (j = 1,2, 3
and 4) out separately.

It should be pointed out that the multiple reflection and
transmission effects have been included in the formulation of the
scattering dyadic Green’s functions. Also, the Sommerfeld radiation
condition has been taken into account in the construction of DGFs.
The contributions from various wave modes to the DGFs have been
considered as well.

4. DETERMINATION OF THE DGFS’ SCATTERING
COEFFICIENTS

To formulate the scattering coefficients of the DGFs, the boundary
conditions have to be utilized. From the field expression with Green’s
dyadic, the boundary conditions satisfied by the dyadic Greens’
function at the interface z = z;, (j = 1,2,..., N — 1) are shown as
follow:

2x GV () = 2 x G (Y, (33a)

W
X
| — |
| —
<
X
Q/-\
&H

s (r,r) — wfcfégfs) (r,r’)}

:sxll VXG”“merw@quy“Mvmﬂ.<%m
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To simplify the derivation of the general solution of the coefficients,
we rewrite the boundary conditions (33a) and (33b) into the following
matrix form. Now, it is clear that the equations obtained here for
the layered gyroelectric chiral medium is different from those for both
the layered chiral media [46] and the layered isotropic media [11].
Similar to those for the anisotropic medium, the weighting factors of
the transverse and perpendicular components for the TM waves in the
layered gyroelectric chiral medium have to be considered here in the
formulation of the scattering coefficients of DGFs.

4.1. Recurrence Formulae Of DGFs’ Scattering Coefficients

By using the boundary conditions, a set of linear equations of the
coefficients which can be replaced by a series of compact matrices [14]
is given. The following compact recurrent equations:

B crn | [ Trrane] #0541 [Ugen ] } = [Bigrs)-{[Tip) +03 D1},
(34)
where 7/ = 1,2 and | = M,Q,U and V. These matrices are given by
r eihlef 6ih3f2f
(hls_hZS)(hls_h4s) (h3s_h4s)(h25_h3s)

F = ‘ . 35
[Fhnny] (hif—whoper)e' 1571 (hag—wiopep)e'3F 7 ’ (352)

L Nof(hls_hQS)(hls_h4s) Mof(h3s_h4s)(h25_h3s)

k,\15h1f€ih1fzf
kAlf(hls_h2S')(h‘18_h45)
[FQlf] = ksshspe 3571

| kazs(hss—has)(has—h3s)

i T
kx1s [(wqtl*qul)h%f‘Hﬂqzlkilf*wqtl“’“offcfhlf] ehifey
;Ufofkklf(hls_h2s)(hls_h4s) . 35b
k)\35 [(’wqtg7qu3)h§f+wq23k§3f7wq13wuofgcfh3f] e’bhgfzf ( )
'U*okaSf (h337h4s)(h257h33)

kilshlfeihlfzf
_ h2 kx1p(his—has)(h1s—has)
[FUlf] = Ls K2, ZsfeiZszfs °
S
h3_kx3r(has—has)(has—hss)

i T
kils [(wutl_wuzl)h%f"l‘wuzlkilf_wutlwlf’/ofgcfhlf] elhlfzf

;Lofh%sk)\lf(hls_hQS)(hls_h45) ih (35C)
kiSs I:(wutS*wqu)hgf‘i’wuz?)kiBf7wut3w“"f£¢fh3f] e8I
tofh3 skaz g (has—has)(has—has)
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ihq sz
é“?\lshlfe)(lf ! )
_ kx1f(his—has)(h1s—has

[FV]_f] - k§3sh3fezh3fzf
Exsf(h3s—has)(has—h3s)

ih T
kils [(U)vtl*IUUzl)h%f+’wvzlk’ilf*’wvtlw'uofgcfhlf} ez 1f2%f

Nosz\lf(hls*h2s)(hls*h4s) ) 35d
kigs [(wvtB*wsz)h§f+wvz3k§3f*wvt3wﬂof£cfh3f} e3rzy ( )
tofkxzg(has—has)(h2s—has)

where the superscript 17" denotes the transpose of the matrices. The
matrices [Fjjs] remains the same form for j/ = 2 or 4 except the
subscript 1 is changed to 2 and the subscript 3 is changed to 4.
Furthermore, the denominator which contains the term (his — hys)
is changed to (hos — h3s) and vice versa. The terms wy; and wy,; are

the weighting factors associated with the scattering coefficients Alfjs

and Blfjs. They are expressed as

Wqtj = }‘?_“S(GZSWQI’LOS - )\2) + 2€,5WihosEess (36&)
YE]
Wqzj = gshjs'i‘zesw,uosgc& (36b)
L 2 2 2 2 2 2 2 42
Wytj = (k/\js — €W s ) (€W fos — A”) + AN W 5o, (36¢)
Wasj = By [Bjs (B3 = s tios) — 20% 2 Ees (2hjstes + gsw)|  (36d)
2w??
Woty = K3y — €sw Hos — %fcs(ghjsgcs +gow), (36¢)
js
1
'lU’Uzj = 6— [Es(kijs - ESWQMos) + wzlJ’OS(gz — 4€SMOS£CQS):| . (36f)
zSs
The following matrices are also used in the formulation:
Als B
[le’fs] = ’ ’ ) (37a)
L A{j‘”r? Bl{;w
(1 0
vl = |o 0] (37b)
[0 0
[Dy] = | 0 1]' (37¢)

Defining the following transmission T-matrix:

-1
[Tiyrs) = [Fiprens] - Fiyrgs] (38)
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where [-Fl]/(f+1)f}
the linear equation into the following form:

[Tijrens] = [Dyes) - {Ciyps) + 85 DA} = 0541 U] - (39)

To shorten the expression, we also introduce:

is the inverse matrix of [Flj/(fﬂ)f] We rewrite

{TlﬂMQ = [Ty n-a] [Tiy n—2] - - [Tijr k1] [Thr k]
T T
_ | 2| 10
[Tzfs,m ngs,m o

It should be noted that the coefficients matrices of the first and the
last layers have the following relations:

Als B3
o) = | T (412)
0 0
e = ; . 41b
[Lijrnvs] [A%wz BN, (41b)

4.2. Specific Applications: Three Cases

The above discussion is based on the general formulation of the
scattering coefficients of DGFs. Actually, it is realized from our current
exercise of symbolic computation of the dyadic Green’s functions for
layered media using Mathematica that (1) without the aforementioned
general formulation in the matrix form for the scattering coefficients,
the Mathematica does not give the direct and compact solution, (2)
the Mathematica can quite often run out of memory as the number of
layers becomes larger so that a large number of symbolic derivations
need to be involved, and (3) the direct implementation of the general
formulation does not give the desired solutions in terms of the compact
transmission matrices as expected for various source locations, even
the above general formulas are implemented. Therefore, to gain
insight into the specific mathematical expressions of the physical
quantities such as the transmission and reflections coefficient matrices,
the following three cases are specifically considered subsequently.

4.2.1. Source in the First Layer

When the current source is located in the first layer (i.e., s = 1), the
first term containing (1—4!) in (31) vanishes. These will further reduce
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the coefficient matrices in (37a) and (4.1) to:

[0 Bl
-/ = J
[Tl] 711] | 0 0 9 (42&)
[0 Blm./1
[(Yijrm] = ! 1 , (42b)
o L0 Bl
[0 0
T -/ = s 42C
[Yijr.n1] 0 Bl],vj}w (42¢)
where m = 2,3,---, N — 1. It can be seen that only four coefficients

for the first layer and the last layer, but 8 coefficients for each of
the remaining layers, need to be solved for. By following (39), the
recurrence relations in the f'" layer become:

(i, 1) = [Tigrpal - [Ty a] {00 0] + [Da]} - (43)
With f = N in (43), a matrix equation satisfied by the coefficient
matrices in (42) can be obtained. The coefficients for the first layer
where the source is (i.e. s = 1) is given by:
71
Bl = -2, (44)
e

The coefficients for the last layer can be derived in terms of the
coefficients for the first layer given by:

N1 _ (1) p11 (1)
Byjiio =Ty Biji + Tpjrigo- (45)
The coefficients for the intermediate layers can be then obtained by
substituting the coefficients for the first layer in (44) to (43). Thus, all
the coefficients can be obtained by these procedures.

4.2.2. Source in the Intermediate Layers

When the current source is located in an intermediate layer, (i.e.,
s # 1,N), only the terms containing (1 — 5}) for the first layer and

(1— 5}\[ ) for the last layer vanishes in (31). We thus have:

r 1s 1s
Toad = |4 5. (46a)
AT B
Yy = lj ly , 46b
[ lj ,ms] | Am§+2 Blr,nj?—&—Q ( )
0 0
T v = 46C
[Yij7,vs] I A{?H Bl],\[j§+2 (46¢)
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From (39), the recurrence equation becomes:

(Yijps) = [Tijrp—1] - [Tiyr s]
ATy s—1] - [Tija] [Tiges]
tu(f —s—1)[Ds] —u(f — ) [Us]}, (47)

where u(x — x) is the unit step function. For f = N, the coefficients
for the first layer are given by:

Alljs’ = l(JlSll’ (48&)
le/,n
7

Bl = -2 (48b)

(1)
le/,n

For the last layer,
1
ANy = T Al — T3, (49a)
1
B, = z}(g"?lel(;') + Tl(js’?22' (49D)
Substituting (48) into (47), the rest of the coefficients can be obtained
for the dyadic Green’s function.
4.2.8. Source in the Last Layer

For the source to be located in the last layer (i.e., S = N), the
coeflicients are:

ALY 0
o) = |4 0] (502)
AN 0
7]
0 0}
Y. = . 50¢c
(Y1, n] AN, 0 (50c)

From the recurrence equation (39), similarly we have,
(Yo yn] = [Tijrp—a] - -+ [Ty a] [Yoyran] —u(f = N)[Un]. (51)
By letting f = N, the coefficient for the first region is

A = —— (52)
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And for the last layer, it is found that
1
ANN =T ALY (53)

Similarly, we can obtain the rest of the coefficients by substituting (53)
into (50) and (51).

We have now obtained a complete set of the dyadic Green’s
function in terms of the cylindrical vector wave functions for a
gyroelectric chiral medium and their scattering coefficients in terms
of compact matrices. Reduction can be made for formulating the
dyadic Green’s function in a less complex medium of specific planar
geometries, e.g., an anisotropic medium where . = 0, a chiral medium
where g = 0 and ¢, = ¢, and an isotropic medium where £, =0, g =0,
and €, = €.

5. CONCLUSION

In the present work, a correct form of dyadic Green’s function in a
unbounded gyroelectric chiral medium has been given in terms of the
eigenfunction expansion of planar vector wave functions. The new
form, which is not available elsewhere in the literature to the authors’
knowledge, corrects the wrong ideas implemented inside the previous
publication [38] which obviously employed an incorrect orthogonality
and, therefore, ignored the coupling of the TE and TM modes as well as
the coupling of solenoidal and non-solenoidal vector wave functions. As
compared with those obtained using the Fourier transform technique
for the same problem developed by Ali and Mahmoud [19], Lee and
Kong [20-22], Krowne [23, 24], Monzon [25], and Habashy et al.
[27], the dyadic Greens’ function representation using the current
expansion technique is easier and more direct to use for a source of
isotropic independent azimuth direction and for obtaining far-zone
field patterns. It is worth pointing out that the current form of
dyadic Green’s function for the unbounded gyroelectric chiral medium
includes the irrotational dyadic which is contributed by the non-
solenoidal vector wave functions, but were all missing in [32, 41-45].
This irrotational part has to be extracted out from the dyadic Green’s
function expression because the integrand function involved does not
satisfy the Jordan lemma.

Moreover, the current work further develops a generalized dyadic
Green’s functions for a multilayered stratified gyroelectric chiral
medium. The principle of scattering superposition is also utilized
here for simplicity of the formulation. The formulation is carefully
carried out by (1) decomposing the two cylindrical vector wave
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functions, namely N, (h,\) and L, x(h), into the transverse and
perpendicular directions, respectively; and (2) separating various
modes corresponding to different wave numbers hy, ho, hs, and hy.
The full eigenfunction expansion of the dyadic Green’s functions in
a multilayered stratified gyroelectric chiral medium is then proposed
according to the multiple transmissions and reflections associated with
these stratified interfaces. Applying the boundary conditions at each
interface, the scattering coefficients of the dyadic Green’s functions
are obtained and represented in the form of compact recurrence
matrices. As symbolic manipulations using Mathematica package can
fail (basically run out of memory) due to the large number of layers
involved, three specific cases are considered in the formulation of the
scattering coefficients of DGFs, i.e., the source excitation located in
the first, the intermediate and the last layer respectively.

As expected and mentioned before, the general representation of
the dyadic Green’s functions in the gyroelectric chiral medium can be
reduced directly to those in a less complex medium of specific planar
geometries, e.g., an anisotropic medium where . = 0, a chiral medium
where g = 0 and €, = ¢, and an isotropic medium where &, =0, g =0,
and €, = €.
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APPENDIX A. INTEGRATION OF H
By performing the dh integral first,

- %) f(h)eih(z—z’)
h= /_oo dh(h —h1)(h — ha)(h — h3)(h — ha)’

At this point, the integral in (A1) is undefined because of the existence
of poles at h = hi, ho, h3, and h4y. By introducing some loss, the
integral is then well-defined. Consequently, if z > 2’ and f(h) — 0
when h — o0, the contour of the integration can be deformed from
the real axis to the upper-half plane, thereby picking up a residue
contribution of the poles located at h = hq, and ho.

Note that the integral on the deformed path (Figure A1) vanishes
by virtue of Jordan’s lemma. Therefore, by residue theorem calculus,

(A1)
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Im[h]
A

Deformed
/ Integration Path

» Re[h]

XXX} h3, h4 \ Original

¥~ Pole Integration Path

Figure A1l. The original path of integration and the deformed path
of integration on the complex h plane.

(A1) becomes:

2
, ; h;) (s
I =2 E —1)J+! f( J zhj(zz)’ > 2 (A2
1 mjzl( ) (hy = h2)(hy = ha)(hy—ha)© s A

where h? = k?\j — \2. By the same token, a similar operation can be
performed when z < z’. Therefore, (A1) is then given by

4
. - hy) Y
I :27712 —1)it+t f(hy e hie=2) 2 <2 (A3
LA G i) () (=) (A%

REFERENCES

1. Tai, C. T., Dyadic Green’s Functions in Electromagnetic Theory,
2nd edition, IEEE Press, Piscataway, New Jersey, 1994.

2. Collin, R. E., Field Theory of Guided Waves, 2nd edition, IEEE
Press, Piscataway, New Jersey, 1991.

3. Kong, J. A., Electromagnetic Wave Theory, 3rd edition, John
Wiley & Sons, New York, 1990.

4. Chew, W. C., Waves and Fields in Inhomogeneous Media, Van
Nostrand Reinhold, New York, 1990.

5. Chew, W. C., “Some observations on the spatial and eigenfunction
representations of dyadic Green’s functions,” IEEFE Trans.
Antennas Propagat., Vol. AP-37, No. 10, 1322-1327, Oct. 1989.

6. Cavalcante, G. P. S., D. A. Rogers, and A. J. Giardola, “Analysis



78

10.

11.

12.

13.

14.

15.

16.

Li et al.

of the electromagnetic wave propagation in multilayered media
using dyadic Green’s function,” Radio Sci., Vol. 17, 503-508, 1982.
Pathak, P. H., “On the eigenfunction expansion of the electric and
magnetic field dyadic Green’s functions,” IEEE Trans. Antennas
Propagat., Vol. AP-31, 837-846, 1983.

Pearson, L. W., “On the spectral expansion of the electric and
magnetic dyadic Green’s functions in cylindrical harmonics,”
Radio Sci., Vol. 18, 166-174, 1983.

Li, L. W., “Dyadic Green’s function of inhomogeneous ionospheric
waveguide,” J. Electromagn. Waves Applic., Vol. 6, No. 1, 53-70,
1992.

Li, L. W., P. S. Kooi, M. S. Leong, and T. S. Yeo, “Electromag-
netic dyadic Green’s function in spherically multilayered media,”
IEEE Trans. Microwave Theory Tech., Vol. 42, No. 12, 2302-2310,
Part A, December 1994,

Li, L. W., P. S. Kooi, M. S. Leong, and T. S. Yeo, “On the
eigenfunction expansion of dyadic Green’s function in planarly
stratified media,” J. Electromagn. Waves Applic., Vol. 8, No. 6,
663678, June 1994.

Li, L. W., P. S. Kooi, M. S. Leong, and T. S. Yeo, “Alternative
formulations of electric dyadic Green functions of the first and
second kinds for an infinite rectangular waveguide with a load,”
Microwave Opt. Technol. Lett., Vol. 8, No. 2, 98-102, February
1995.

Li, L. W., P. S. Kooi, M. S. Leong, and T. S. Yeo, “A general
expression of dyadic Green’s function in radially multilayered
chiral media,” IEFEE Trans. Antennas Propagat., Vol. 43, No. 3,
232-238, March 1995.

Li, L. W., P. S. Kooi, M. S. Leong, and T. S. Yeo, “Analytic
representation of scattering dyadic Green’s functions’ coefficients
for cylindrically multilayered chiral media,” J. Electromagn.

Waves Applic., Vol. 9, No. 9, 1207-1221, September 1995.

Li, L. W., P. S. Kooi, M. S. Leong, T. S. Yeo, and S. L. Ho,
“Input impedance of a probe-excited semi-infinite rectangular
waveguide with arbitrary multilayered loads: Part I-Dyadic
Green’s functions,” IEFE Trans. Microwave Theory Tech.,
Vol. 43, No. 7, 1559-1566, Part A, July 1995,

Li, L. W., P. S. Kooi, M. S. Leong, T. S. Yeo, and S. L. Ho, “On the
eigenfunction expansion of dyadic Green’s functions in rectangular
cavities and waveguides,” IFEE Trans. Microwave Theory Tech.,
Vol. 43, No. 3, 700-702, March 1995.



Dyadic Green’s functions in chiral media 79

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Kong, J. A., “Electromagnetic field due to dipole antennas over
stratified anisotropic medium,” Geophysics, Vol. 37, 985-996,
1972.

Kong, J. A., “Theorems of bianisotropic media,” Proc. IFEE,
Vol. 60, 1036-1046, 1972.

Ali, S. M. and S. F. Mahmoud, “Electromagnetic fields of buried
sources in stratified anisotropic media,” IEEFE Trans. Antennas
Propagat., Vol. AP-27, 671-678, 1979.

Lee, J. K. and J. A. Kong, “Dyadic Green’s functions for layered
anisotropic medium,” Flectromagnetics, Vol. 3, 111-130, 1983.
Lee, J. K. and J. A. Kong, “Active microwave remote sensing of an
anisotropic random medium layer,” IEEE Trans. Geosci. Remote
Sensing, Vol. GE-23, 910-923, 1985.

Lee, J. K. and J. A. Kong, “Passive microwave remote sensing

of an anisotropic random medium layer,” IEEE Trans. Geosci.
Remote Sensing, Vol. GE-23, No. 6, 924-932, Nov. 1985.

Krowne, C. M., “Determination of the Green’s function in the
spectral domain using a matrix method: Application to radiators
immersed in a complex anisotropic layered medium,” IEEE Trans.
Antennas Propagat., Vol. AP-34, 247-253, 1986.

Krowne, C. M., “Relationships for Green’s function spectral
dyadics involving anisotropic imperfect conductors imbedded in
layered anisotropic media,” IEEE Trans. Antennas Propagat.,
Vol. AP-37, No. 9, 1207-1211, Sept. 1989.

Monzon, J. C., “Three-dimensional field expansion in the most
general rotationally symmetric anisotropic material: Application
to scattering by a sphere,” IEEE Trans. Antennas Propagat.,
Vol. AP-37, No. 6, 728-735, June 1989.

Oldano, C., “Electromagnetic-wave propagation in anisotropic
stratified media,” Physical Review A, Vol. 40, 6014-6020, Nov.
1989.

Habashy, T. M., S. M. Ali, J. A. Kong, and M. D. Grossi, “Dyadic
Green’s functions in a planar stratified, arbitrarily magnetized
linear plasma,” Radio Science, Vol. 26, No. 3, 701-715, May—June
1991.

Kaklamani, D. I. and N. K. Uzunoglu, “Radiation of a dipole in an
infinite triaxial anisotropic medium,” Flectromagnetics, Vol. 12,
231-245, 1992.

Ren, W., “Contributions to the electromagnetic wave theory
of bounded homogeneous anisotropic media,” Physical Rev. E,
Vol. 47, No. 1, 664673, Jan. 1993.



80

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Li et al.

Weiglhofer, W. S. and I. V. Lindell, “Analytic solution for the
dyadic Green’s function of a nonreciprocal uniaxial bianisotropic
medium,” Archiv fiir Elektronik und Ubertragungstechnik., Vol. 48,
No. 2, 116-119, 1994.

Lindell, I. V., “Decomposition of electromagnetic sources
in axially chiral uniaxial anisotropic media,” Journal of
Electromagnetic Waves and Applications, Vol. 10, No. 1, 51-59,
1996.

Cheng, D. and W. Ren, “Green dyadics in reciprocal uniaxial
bianisotropic media by by cylindrical vector wave functions,”
Physics Review E, Vol. 54, No. 3, 2917-2924, Sept. 1994.
Uzunoglu, N. K., P. G. Cottis, and J. G. Fikioris, “Excitation
of electromagnetic waves in a gyroelectric cylinder,” IEEE Trans.
Antenna and Propagat., Vol. AP-33, 90-99, 1987.

Barkeshli, S., “Eigenvalues and eigenvectors of gyroelectric
media,” IEEE Trans. Antennas Propagat., Vol. AP-40, 340-344,
1992.

Barkeshli, S., “Electromagnetic dyadic Green’s function for
multilayered symmetric gyroelectric media,” Radio Science,
Vol. 28, No. 1, 23-36, Jan.—Feb. 1993.

Weiglhofer, W. S., “Dyadic Green’s function representation in
electrically gyrotroplc media,” AEU, Archiv fir Elektronik und
Ubertragungstechnik: Electronics and Communication, Vol. 47,

No. 3, 125-130, May 1993.

Cheng, D., “Field representation in a gyroelectric chiral media by
cylindrical vector wave functions,” Journal of Physics D, Vol. 28,
246-251, 1995.

Cheng, D., “Eigenfunction expansion of the dyadic Green’s
function in a gyroelectric chiral medium by cylindrical vector wave
functions,” Physics Review FE, Vol. 55, No. 2, 1950-1958, Feb.
1997.

Yin, W., P. Li, and W. Wang, “The theory of dyadic
Green’s function and the radiation characteristics of sources
in stratified bi-isotropic media,” Progress In FElectromagnetics
Research (Series), J. A. Kong (Ed.), Vol. 9, 117-136, EMW
Publishing, Boston, 1994.

Li, L. W., M. S. Leong, T. S. Yeo, and P. S. Kooi, “Comments
on ‘eigenfunction expansion of the dyadic Green’s function in a
gyroelectric chiral medium by cylindrical vector wave functions’,”
Accepted by Physical Review E, April, 1998 and to appear in
March 1999.



Dyadic Green’s functions in chiral media 81

41.

42.

43.

44.

45.

46.

Cheng, D., Y.-Q. Jin, and W. Ren, “Green dyadics in gyroelectric
chiral medium by cylindrical vector wave functions,” Int. J. Appl.
Electromagn. Mechanics, Vol. 7, 213-226, 1996.

Cheng, D. and Y. M. M. Antar, “Cylindrical vector wave functions
and applications in a source-free uniaxial chiral medium,” Physics
Review E, Vol. 56, No. 6, 7273-7287, Dec. 1997.

Cheng, D., “Vector-wave-function theory of uniaxial bianisotropic
semiconductor material,” Physics Review E, Vol. 56, No. 2, 2321—
2324, August 1997.

Cheng, D., “Transient electromagnetic field of dipole source in
chiral medium,” Int. J. Appl. Electromagn. Mechanics, Vol. 8,
179-183, 1997.

Cheng, D.; W. Ren, and Y.-Q. Jin, “Green dyadics in uniaxial
bianisotropic-ferrite medium by cylindrical vector wavefunctions,”
J. Phys. A: Math. Gen., Vol. 30, 573-585, 1997.

Ren, W., “Dyadic Green’s functions and dipole radiations in
layered chiral media,” J. Appl. Phys., Vol. 75, No. 1, 30-35, Jan.
1994.



